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INTRODUCTION. 


THE Doctrine of Limits is now very generally adopted as 
the basis of the Differential and Integral Calculus. 

Of the methods which were formerly in use it may be 
advantageous to the mathematical student to glance at some 
of the most prominent. 

By inscribing successively in a circle, regular polygons of 
four, eight, sixteen, thirty-two, dc. sides, we may at length 
suppose a polygon to be inscribed whose area shall be less 
than that of the circle by a quantity so small as to be unas- 
signable. In this manner the area of the circle may be said 
to be exhausted. Hence, the method which was based upon 
this mode of operation was termed the Method of Eu- 
haustions. 

In the early part of the seventeenth century a work was 
published, in which all quantity was assumed to be composed 
of elements so small that it would be impossible to dude 
them. An infinite number of points in continued contact 
were supposed to form a line, an infinite number of lines to 
form a surface, and an infinite number of surfaces to form a 
solid. Now, since a line has magnitude, namely, length, 
and a point has no magnitude, it is obvious that a line 
cannot properly be considered to be made up of a series of 
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points. The method founded upon these suppositions is 
consequently objectionable. Cavalerius, the inventor of it, 
called his work “Geometria Indivisibilibus ;” and hence this 
method was styled the Method of Indivisibles. 

Sir Isaac Newton considered all quantity to be generated 
by motion ; a point in motion producing a line, a line in 
motion producing a surface, and a surface in motion pro- 
ducing a solid. This motion or flowing of a point, a line, 
and a surface, gave rise to the terms fluents and fluxions : 
the quantity generated by the motion being called the fluent 
or flowing quantity, and the velocity of the motion, at any 
instant, the fusion of the quantity generated at that instant. 
The method founded upon these considerations has been 
long known as the Method of Flusions. 

As applications of this method are continually met with 
in mathematical works, it may not be inappropriate to give 
a, few instances of its notation, compared with that proposed 
by Leibnitz, and now generally adopted by writers on the 
Differential Calculus : 


6 # # # & gma, {(2-1)} 
du, d*u, d'u, dtu, d*u, dsinz, d"(2?—1)". 


The fluxional symbols in the first line are placed exactly 
over the corresponding differential symbols in the second. 

Leibnitz considered every magnitude to be made up of an 
infinite number of infinitely small magnitudes. His mode of 
reasoning was as follows. Any quantity « consists of an infi- 
nite number of differentials, each equal to ph + gh? +rh' + &e., 
and / being infinitely small, each term in the series 1s infi- 
nitely less than the next preceding term, and consequently 
the sum of the terms after the first is infinitely less than 
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that first term. Hence ph is the only term necessary to be 
retained to represent the series. 

Lagrange, in his “Calcul des Fonctions,” endeavoured to 
simplify the subject by rejecting the consideration of infi- 
nitely small differences and limits, referring the Differen- 
tial Calculus to a purely algebraic origin. He defined the 
differential of a quantity to be the first term of the series 
ph+qh?+rh3+&c. This is the foundation of his theory. 

Each of these methods has found numerous advocates 
among mathematicians, a fact which excites no surprise 
when we consider the extraordinary genius of the great men 
whose names are associated with the origin of these various 
and most interesting theories. 

In our own day several highly talented men have directed 
their attention to this subject, and it seems now to be very 
generally admitted that the method best adapted to ele- 
mentary instruction is that founded on the Doctrine of 
Limits. 

Among the valuable works which have recently enriched 
this subject may be mentioned those of Whewell, Hall, 
O’Brien, De Morgan, Thomson, Young, Price, and Walton, 
in our own language, and Duhamel, Cauchy, Moigno, and 
Cournot, in the French. 

Let us suppose a certain magnitude w to be dependent 
for its value upon some variable magnitude 2, so that the 
value of wu may be represented by some expression into which 
xz enters, then u is a function of «. We will assume, for 
instance, that w=", and, in this simple example, supposing 
«2 to undergo a change of value, we will trace the corres- 
ponding effect produced upon the function w. 

Let x take the increment 4, that is, let 2 change its value 
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and become 2+, then if we represent the corresponding 
value of « by u,, we shall have 

w= (2+hP=a8 +3 27h +3 rch? + 23, 
“. U—Uu=3 27h +3 ch? + h8=corresponding increment of u, 
a 32? 43h + id= ratio of increment of, function to 
increment of variable. 

Now the first term of this expression for the ratio being 
32%, it is obvious that h may undergo any change of value 
whatever, without affecting this first term. 

Let 4 then continually decrease in value until it is=0, 
then the expression for the ratio will be simply 32%. 
Hence this first term is the limit towards which the ratio 
approaches as A is diminished, and which limit the ratio 
cannot reach’ until A=0. 


Now if u=a?, du=3.2"-dz, T= 3.0, where du is 
the differential of u, dx the differential of 2, and de the 


dz 
differential coefficient derived from the function, that is the 
coefficient of dz. Thus the limit 3x? is equal to the differen- 
tial coefficient. 

These remarks are offered to the reader in this place, not 
only with a view to remind him of what the Method of 
Limits is, and to regard it in its connexion with the methods 
above alluded to, but also in the hope of inducing him con- 
stantly to recollect that, when he is performing that very 
common operation in the Differential Calculus of ascertaining 
the differential coefficient, he is virtually seeking the Aim of 
the ratio of the increment of the function to the increment 
of the variable. 


EXAMPLES 


ON THE 


DIFFERENTIAL CALCULUS. 
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CHAPTER I. 


DIFFERENTIATION OF FUNCTIONS OF ONE VARIABLE. 


du 
Kx. (1.) Let u=az. Then Pies 


du 
2 = —==4, 


(3.) Let y=3a224W2, Then 2 =2x 3a2=6az. 





(4.) Let u= Vae—a*, Then aH cE ., 
dz 2V.2%—a? 

_ Qa du_(a?—2?), 823 —2.4. (— 22) 

(5.) Let a aay gg age 


8a228— 825 +425 Barz 425 


a Cer Coe 
6.) u=(1422%).(1442%)=142074 4234825, 
Oe de + 1202 440A de (1432-41028), 


B 


ALGEBRAIC FUNCTIONS 
(7.) um(l+2)4 (1+27)%. 

Ct = (1 pa) 2(1 +2), 22+ (12%)2 4(1 +2) 
=4(1+27)% (1+2%). {(1+2)2+(1+2%)} 
=4(1+.2)8, (1 +2%) {1424227}. 

(8.) u=(2> +a) (327+). 

ot =(28-+0). 62+(322+b). 322 

= 624+ 6aa + 9a4+3b2?2= 1524+ 3b274+ 6az. 
(9.) u=(at+ba)*. 


du n(a+bz2")*—. mba” =bmn (a+ ba”)? 2 


dx 


(10.) u={at M/ b+ 5h 


c 


3 7 
i a(a4A/b4 5) eae 





























he ze 
(11.) uxr/a+/l 4a, Squaring, we have 
wWoat+ V1 +2, 
I 
gual +l + 
to i 
du V1 +a? V1 +2 
“de tu Tet 


_ V/1+227+27 WV #4+V14 22 
IVT pa r/at+/l 4a 271+ 22 
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(12.) v= Multiplying both numerator and 





aegis 

Va? + a —z 
denominator by “a?+.2*+.2, we have 

amt Otte ae male Vata). 


a? + 2? — 2? 
aya 


a= ly 
V/ a4 + +a 





Fo a supe 





_ 1 

{22+ eat 
= {20 xz? +a?4+ xz? _ 2z 2 x? + a? 
a? V a? +. 32 l=3 a? V7 2? +a? 
(13.) w=(a+2z) (642) (c+2). 


ft =(b+2) +2) et) 


+(c+2) (+a) OE9) 


+ (ata) (642) et?) 


=(b+.2) (c+2)+(c¢+2) satel (6+ 2) 
=be+brt+cr+a*tactaxrt+er+227+ab+axr+bx4+ x? 
=—3a°4+2a2r+2br+2cx+ab+ac+be 
=32°+2(a+b+c)ae+ab+actbe. 
(14.) w=(1 + 2”). (1 + 2"). 


d(1 toy" 


atom) 
=(1+2")". m(1 eed nz) 
+(1+a*)™ n (1 +2")"") ma™* 
=mn(1 +27)". (L+a%)"-* {(l+a%)a*"4(14+2%)2™- 1} 
=mn(l +a) (1 parr ta pat Dyin) 
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(15.)a= A/ (a——=+ Vie=aFP)={a——_ + 2-20} 


d {a+ 29) Wi 


Bag ge ge eee) 
_ 69 42 
2aV 2  3(2—a2)t 
du_3( b 4x 
.—= a+ c2—a2)8 {— wa it te \ 
dx 4 ( }" 2aVa 3(c?—a2)# 
(5 Ve 3V ee 9a/ae VY e—ae 


= 
ee SS TTT ETC CC LTC cI natasenncevaesieinna | O 


) 3 /——_= 4 eee 
Af a— + Va 1A/ o—4- Yaa 
NES Vx 





x 
16. = * 
ae) e4+vVv1—2 





ai hitches (ome 


dx (a+ /1 — 2)? 


#2 
PA ae see ae 
ane eT ee. 


— Pe/T e+] Qa(1—a®) 4 I — a? 


1 
~ Qax(1—a2) + JT — a 


(17.) UA / ate+./a+x4 Jade &c. in inf. 


mateta/ato+ /at+z+ &e. in inf. 
=A+2U4+U. 





= 
remercintecee eR AED 
ee e 


But -s w—u=a+4+z, 


1 4a+42741 
aut) =a+n2 +7= =e, 


1 V4e+4a41 


2 a 


, Qu—-l= V/ 4244041, 





_ du 1 


“do Jiggy hat 





(18.) u=1l+ 





4 





1+ 
Wa wa. eink 


2 
u=1+-, ur—w==x , 2u———=1, 
u 


(2u— 1) =I oe. I 





12 oer 1 v4e41 
wig et ge ge ge 
du ] 
2u—l=v42+4+1, 7S 
4+] 
(19.) 2ux+au?—ba?=0. This is an implicit function. 
du 





Ce 


2u+2z- OF iso a _2ba=0, pce seg 


dz ax 


_du_bu—u 
"da auto 


dx dx 





d 
(au+2)- = bx—u, 
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But +: ba? —ux=au?+ uz, 





(br—u) e=(au+2) u, 


bau duu 
“autae a’ "dx x 
(20.) u=2a+5e. Tab. 
du 
(21.) wu=m+ne. en 
du 
‘ 6 O39 ha ni 
(22.) u=c—2z'. a 6 
(23.) u=22*—32+ 6. wt be 3 
d 
(24.) u=4ad—Qx24 3a. = = 120? 4a 43 
d 
(25.) u=(at+ba) 2. Gg (lat 3a) oo? 
= du a 
26. “= fred a’. — = 
oo % dx Vxe+a2 
du na"! 


Qi.) u=(==) - 


2 
(28.) al 
(29.) w= {at+(a+a2)*}?. 
du x 


id ae eee ener 2 
dx J 22 + Va+x 


(30.) a?y?+ b7a?=a7L?, 
(31.) u=(1+a)/1—x. 


Be Sothys ne 
(32.) “= Tina 


dz (1 + x)? 
du_2x(a—2z*) 
din (a+2)8 " 


a 
on/atatte/a + a" 
dy ob x 


dx a Vart—ae* 








dz 2/1—x 
du 328 
dx (1—a*)8 
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x du Qa7 4.1 
J/e+l+ae ~ / 1 


l1— Wx du 1 
34.) u= ge eee ees Se 
ae J Ja dx 214 V2) /2—2 
(35.) w=(aa3 +L)? + (a—b) Va? —ae, 


du 2 (a? + ba—22") 
~=6 2 (aa +b : 
sai aa acc 


du_ 8b 3ax—42° 
dx 3a 2Vax—x 


(33.) u=—— —2Qn- 





(36.) “ av aa—ae. 
a 
































(37) w a‘ du __ —at*(a?— 22?) 
2 ater at dx 2a?(a?—a2)8 
(38.) _(x+a)t du_3 af oe At Ce 
 (a— —a)t dx 2 x—a 2 L—a 
(39.) n= vet laa hs ee 
errs wed dx V#e4+1.( 24142) 
(40.) w _3 Vata du 3a7+4ar—a2" 
Ja—x dx 6(a?+22)8.(a—a)3 
du _ ot aa? — 4a 
41.) w==2(a? +22) (a2?—22)}, . 
oe a ) dx J Pam 
(42.) w= a/ 22 —1—r/ 20—1— Vv 2«2—1—dé&e. in inf. 
een, 
dx V8x—3 
(43.) u= du_ nar? 
j= a” dx 1 — 4a 


a" 
1— &c. in inf. 
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(44.) ee. 
1+(1—- 4a") 
du_ 2x{1+(1 —4o"\4 4 no(1—4a")— 4} 
da: 1+(1—4a")t— 22" 
CHAPTER II, 


TRANSCENDENTAL FUNCTIONS OF ONE VARIABLE. 








a d 
If u=sin 2 ; on = C08 2. 
da 
u ° 
U==COS Z| a 2. 
du 
usta x ; —=1+tan’x=sec*x2= . 
dx cos?x 
du 1 
= i Qa\ — a ee 
u=cot x ; = (1 + cot*x) = —cosec*a = sin 2x 
du 
U==SEC & 5 ——=sec x. tan x. 
dx 
du 
us=cosec®; =~ ==—cosec 2%. cotx. 
dx 
=v. SIN Z; ia x 
“= oY) 3 dz e 
=log az ; dae 
BE ON dae 
du 
— 4 —=e, 
uae ; re 
: du . asinz F 
Ex. (1.) Let w=sin’x. Then —-=2sinz. = 2sin x. cosa. 
dz da 
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9 
(2.) u=cosma. ie. the cosine of the product of 
m and x. 

du  dcosmaz : dmx 

ia a ee 
(3.) u==sin 37. cos x. 

du. 4 dcosx dsin®x 

no Lv. We Sd ee ae 


=sin 9x7. (—sirt 2)+-cos 7. 3sin2x. cos # 
= 3 sin2x cos’ —sin4g=sin*z (3 cos*x —sin*z) 
=sin’y (3. 1 —sin?z—sin2r)=sin2z (3 —3 sin’a —sin?x) 


=sin2r (3 —4 sin?z). 


(4.) 


u==c™. cosz, e being the base of the Napierian 
system of logarithms. 


du, dvosx e* 


7 eer Baa Te 


=e", (—sinxr)+cosx. e*=e* (cos #—sin 2). 
(5.) U=7.e°8*, 


du d eS # 


Cu dx 
dx dx 


a COS 2 
i OS & cos 7 
+ oS -— are _—_—— + ¢ 
dx ax 


=x, cS (— gin x) + 8 T= 68 * (1 —ax sin 2). 


(6 ee sin” yx 
~~ cos* x 





du 


cos"2. msin™—!y.cost—sin™x.n cos"— 1a(—sinz) 
dx 


cos2"y 
mcos®*t ly. gin™—-ly 2sin™+t+1r, cos"— la 
cos2*z cos2*y 
msin™—ly ngin™tly 
cos" ly cos" +t ly 
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(7.) u=cos—leV/1—z*. This is an inverse function. 
Pute/i—2=z. Then u=cos—!z ; 








“. COS U==Z} 
oe es es ee ee eee 
dz dz sin / 1 —cos’u J1—2? 
_ 1 
la 
But :; -geaV1—az, - ~—=2- =0 et VIF 
dead. 1—22? 
Vine Vine 
du du dz 1 1—2r 
Hence —=— - — = =| ————————— | 
de dz dz Vl—-2+e8 Vl —# 
1—222 
~ Vie +e)(1— a) 
(8.) u=a (sin ¢—cos 2). 


waa (cosv+sinz). Squaring, we have 


‘ 
(=) =a?(cos*x+sin2x +4 2sinrcosx)=a?(1+2 sinz cosz). 
u?=a?(cos2a4 + sin24— 2 sin xcosx)=a? (1 —2 sin xcosz). 
2 du sf eae 
(a4) +u2=2a?. .. (5) =2 a?—v?, oo /2at— uv. 
(9.) u=(log x)". 
Put z for log a", then u= 2", omen ; 


_dz_ nz nn 
ee ar xz" ar 

d du d yn\m—! 
Hence te Oe Fe gms mn lg 





and °: z=log2, 
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Ai0). Sopa 2 
wv 
dul” J/i¢e ea ee | 
dxu x et/Ite? 2/1pe3 
de Uu 
“de tite? 


(11.)  w==aetan~"s, 
~ log u==log x+tan-'z. loge 
=logr+tan—'7, +; loge=1, 
dull, 1 ltrs 
dxu av 1+a* e(1+2*) 
_ lt+e+e _otn (14 ata?) 
say (+24 u(1+2*) 


a NE TEATS 
ee = ® 


__e™ (asing — cosz) 
(12.) w= el ° 
Since the denominator is constant, and since the differen- 
tial coefficient of e** is ae™, 
_ du 1 


ae { ae**(asin s—cosx) + e*(acosz-+sinx) } 


ax 
Sane ROE, he Ce : 
are ite sing—acos’+a cosr+ sinx } 





a? + per) sina 


=e", sing. 
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(13.) ux log vet &. 


1 —] 
Ls pS as 
du_ ee irre aT) GT) va 
dz (Va— Vz? Vatv2 
Ja—Ve4+V/a+Ve 9/4 Ja 


= oe 


2Va(Va—Va)(VatVa) 2Ve(a—z) Va(a—z) 


(14.) w=at* t?, 








log u=c**t*, log a. 


log (log «) =(2?+ x) log c+ log (log a). 
dz 1 1 


Put z=log zw, then duu ott? 


log z= (a? + x) log c+ log (log a), 


dz | 
———« o—— = e peanut "+a 
Te loge (2xz+1). But z=c"t-, log a, 


Gas. log c (27+ 1)=loga. loge. c** +7, (2241). 


Hence HaG. Haloga. log c. a **, c#*+2, (2241). 
(15.) w=sine /—1—cosz. & cose =I +sine. 
(16.) w=cos (sinz). “= —cosz sin (sin). 
(17.) u=sin”=. = Vax, 
(18) wen, Si otine, COs wr. 


(19.) 
(20.) 


(21.) 


(24.) 


(25.) 


(29.) 


(30.) 
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=sin~* . =e 
ee eke 
ae 
“== sin 7 
12—a2 


ee, 
de J @e—a) Fa) 


u=cosr+cos2r+cos3r+ &e. 


du 


—= — (sing + 2sin 2x +3sin dr+ &c.). 


dx 


u=cot—(mzxr+a)?. 


1 

w==tan-) eee 
Il+er 

w—tan= bata 
b—a 


w= V1 —o4+sin—s, 
w= cosec mz. 
u=log (sinz). 


u=sin (log.r). 


du 24m(mr4a) 
de (mz+a)*+1 


du 1. 
de wW1—z 
du __ /b—a 


dz oe a 


= ~ V1 


du _ 

de ees m*zi— 1 
du 
Ip cote: 


a= cos (log). 





dz 
ae, 2 du ] 1 
— ry, rer de «a Vira 
du 1 
—_ Ny * ——= . 
i dz sx logs (log)*x... (log)*"'4 


* This expression means the »* logarithm of z, not the xn power of 


the logarithm of z. 
logarithm of x, might be written (log)’x. 


Cc 


Log (log zx), which means the logarithm of the 
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du 


— =e" (acosrr—rsinrr). 


V24V714 2 

(34) welog™ i. 
(35.) use. 
(36.) umals-, 
(37.) wa”. bt 
(38.) w= rsine, G 
(39.) w=e™*cosry. 
(40.) ure, 

1 
(41.) w=axe- 


u=logxz—log (a— V a*—2"). 
u=log V sing + log J cosa. 


u=log{x+ /7x?—a?} +see7?= 
a 


rd pa 
x 


du a 


de «Vvae—x 





oe =oot Qe. 
du _ /x+a - 
dk Ya. 


du en. 
dz (i-— (—2)VI+2 V¥1+ 2 
ter (logz+1). 


du _a'8*, loga 





da x 


: 1) 
Gat ; 2 logs (log + 1) aa : 


+ cosx. log] ; 


o—aoe 


Ct ote ] 


z+) 


tig) 


(42.) w=e™(sinrx)™, OM <-ga(sin headin rem eaaeD). 


dat 

(43.) waettoe™, de 
(44.) u=mytanz”, 
du 

de dx 


da logz (log )*a 


e(log)"x 


Ye... (log) x 


y being a function of z. 


di 
tans + nyx") sec?z”. 
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(45.) w=2”, z, 0, and y being functions of zx. 





dus, f dy y dv 1 2) 
—=a= et”. cy LZ. aol —~ A — 1 —— 5 
We t {8 loge 7 + loge — +— Te 
(46.) u=a#r+sinz+azcosz, xc=a—acosz. 
a _ (2224 
dz \ & 


CHAPTER III. 
SUCCESSIVE DIFFERENTIATION, 


Ex. (1). Let u=2z". 
Differentiating, we obtain the first differential coefficient, 
d 
= nc, 
Differentiating, we obtain the second differential coefficient, 
du oe 
Genie lat : 


Differentiating as before, we have the third, 


Cf=n(n—1) (n—2) 2%. 
C=n(n—1) (n—2) (n—3) a“. 
Ce =n(n—1) (n—2)....(n—r—1)*™. 


It must be borne in mind that du, d°u, d4u, &c. du are 
merely symbols; and that dr, dr’, dz, &e. da” are powers 
of dz. 
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(2.) u=loge. 








dul au du 2 
dx «x dx??? | da x’ 
du 23 d°x 2-3-4 k 
er ae = ar a 
5 
(3.) wa’. <= (loga)ar 
4 saitt amu ; 
(4.) w=sinne. Fe mrsin (ne +r] 
4 
(5.) we, Chalet 
l+-e Mu 240 
(6.) a eae de (at 


Leibnitz’s Theorem, which is useful in finding the diffe- 
rential coefficient of the product of two or more simple 
functions, may be thus enunciated, w and 7 being both func- 
tions of z, 

d(uc) du dod™tu_ r(r—1) de lila ke. 


—— ES ES ee 


da dx drde™'' 1-2 de dg 








ee ee 


CHAPTER IV. 
TAYLOR'S THEOREM. 


This theorem may be thus enunciated. 
If u=/f (ax), and « take the increment /, 
du, du h? dui kh’ d"u ih 
fet M=ut Ot ae 12) de 28 de Dan 
+ &e. 
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This theorem, written according to the notation of 
Lagrange, 18 


Het =f@)+/ OAS" @) Ta tl" pagt ee 


In using it, if we take n terms of the series, the error we 
shall commit by leaving out the terms beyond the n‘4, will lie 
between the greatest and least values of f'”’(a+ 0h) 
which values will depend upon giving to 6 various values 
between (0) its least value, and (1) its greatest. 

Maclaurin’s Theorem is easily deducible from this. 

Ex. (1.) Expand cos(#+A) in a series of powers of A. 


du .  @? d ; 
Let w=cosz, then dg SD, = —Ccosz, <<, =aing, &e. 


Whence, substituting these values of ae —, &e. in Taylor’s 


7 


theorem, we have 
COS h) =cosz—sin x. h—cos ci sin it & 
(c+h)= Xv. x Tat a C. 


Cor. By making r=0, we have 


h? hA 
cosh=1— 1.9195.3-4 — &e. 
(2.) Expand sin7}(%+), according to ascending powers 
of A. 
du 1 


Let w=sin“z, then == (1—a?)~, 
dz 1 — 2 
d’u__ 1 -4 ee 
i. oor —x*)"3(—22)=2(1—a27)~ an — 
Seno {— 52%) 8-22) } 4 (1-a2)4 
—(]—22)74 - 1420? 
=(1—a?)"2 {322+ (1—a?)} = Tes 


c 2 
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Whence, by substitution in the theorem, 
sin"(e-+h) =sin 2 + —— + —* 
(_— — yt 2(1—2x?)8 
h3(1 + 22?) 
23028 
(3.) Expand log(z+h) by Taylor’s theorem. 


1 d? : 2 
Let u=logr, the eee sia ane cleat &e. 


de cde dee 
Whence, by substitution, 


2 3 
log (2+ h)=loge += — 5+ ie &c. 


+ de. 


(4.) Ifu=/(«), show that 


9 


r( x )=u—& zw du at 


Iya)" de ta" de® Bta)P 
du a 
as P30 tapt & 
x a 
Let eth=r then ie ae 


x4 x 
/ ee Das oO Be 


u=f(r), J(e+h)= f(r) 


Substituting these values in Taylor's theorem, we have 
j(c2_)au tt 
a+h)— dx l+a’ dx? 2.142)? 
dy x 
~ Ge F3itapet © 


=sin y, 





1 
— —] 
(5.) If/(c)=tan—'z, and we put ine 
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7 4 “6 ; . Ah 

or tan a=5— y, then, tan7(x+h)=tan“'r+siny siny i 
; . , AA 

—sin 2y sin2y 5 

Now, since % may have any value whatever, put A= —z, 


‘ being an arc in the first quadrant ; then 
tan7(4+/)=tan0=0, 


}3 
+sin3y sin’y = — &e. 


me 
“tan“y=siny siny- ; +sin2y sin2y - a sin 3y sin? 3t dc. 


5 T COSY 
But tan L=5 —y,and g«=coty= cag 





1. 1 
=y+siny cosy +5 5 sin dy. cos'y + ssin3y cos*y -+- &c. 


ss ‘3 





ae ; 1 
Similarly, putting A= — ™ -) 7 ee eonye we have 


ve siny 1 sm2y_ 1 sind3y 


2 ay ie cos?y ' 3 cos%y 
And, putting s=—V1+4 2°, 


——— + &e 





Te 1, 
5=5+ siny +5 sin2y +3 sindy + &e. 
Hence, " differentiation, 
5 tcosy +0082, 2y+cos3y+&e.=0. 


These formulz are deductions of Euler’s. 
Taylor's theorem may be applied to find approximate roots 
of equations of the higher degrees. 
(6.) Show that Taylor’s theorem comprehends the Bino- 
nial theorem. 
(7.) Expand sin(#+) by Taylor’s theorem. 
h? h 


sin(c¢+A)=sinze+ cosa +7 — sine > — cosr5—s + de. 


20 MACLAURINS THEOREM. 


(8.) Show, by Taylor’s theorem, that 


(a+ae+h=(ata2)"+n(a+e)"7h+—— es 4) ~~! (a+ x)*-2}2 
+ &c. 
(9.) Show that tan(#+/)=tane+ wa 
+ 2sec2xr tana + 2sec%x(1+3 tan?zr) 3+ &e. 





1-2 1.2 
(10.) If w=cot™'z, show that 


2 
cot7'(2+h)=u—sinu sinus +sin?u sind : — Xe. 
(il.) Iff (2)=;+4 >’ Prove that 


ltrth_ l+e of kh h? iS _) 
l—-r—-h 1—a@ ia? de ee 





CHAPTER V. 
MACLAURIN’S THEOREM. 


This theorem, which is used for the development of a 
function according to the ascending powers of the variable, 
may be thus enunciated, U,, U,, U,, U3, &e. representing 


du d*u du 
the values of u, — Tn? dat? das? &c. when 2=0, 
at a at 
u= U,+ U,a+ UsTgt Usg-gt Cesta t 
du @ a a 
Cor. > U,4+2 Ds Tig th Un gat ts aat ke. 


This theorem was first given in Stirling’s “ Line Tertii 
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Ordinis Newtonianex.” It is, however, generally attributed to 
Maclaurin, and is improperly styled “ Maclaurin’s Theorem.” 


Ex. (1.) Expand (a+.)", » being any number whatever, 
positive or negative, integral or fractional, rational or 
irrational. 


Let u=(a+z)", whence if r=0, U,=a" 

d 

“=n(a-a), Sm 2k og Dna, 

du 

Pe an(n—WYlatay? . . , Ugen(n—ler 

By 

aan l)(n—2)ate)r” , Us=n(n—1)(n—2)a"™. 
&e. de. 


Substituting these values of U,, U,, &c. for u, a &e. 
x 


in Maclaurin’s theorem, we have 


ae —2) 


(a+x)"=a"+ na" z+ ——— i ) arty? + ie 


+&e., which is a Binomial cia 
(2.) Develop a*. 


Let w=a*, whence if.e=0, C,=a=1. 
du, 
Ssa*ila 2 oe ee Se. AY 
dz la ) 1 
sia 2%, me, dene “ahs a) ero UV, = A? 
dz 
By 
sania’, Ae. he ke ee Oy Se 


* A is here put for the hyp. log. of base a, that is, for the expres- 
: 1 
sion (a~1)— (a—1)? + 3 (a—1)'—&e. 
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Whence, by substitution in Maclaurin’s theorem, 


Atg? = A823 
a=l+drt+se Tae tia 223 


which is the Exponential Theorem. 


+ &e., 


I 1 
 A=loga, /.a*=1+4 cloga+ Z(aloga)?’+ ——.(wloga)? + he. 


] 1 
When «=1, a=1 +loga +5 (loga)’ + 5-5 (loga)? + dic. 


an expression for any number a, in terms of its Napierian 


logarithm. 
If for @ we write the Napicrian base ce, we have, since 


loge=1, 
f=l+r2+— Feo the 


And, when s=1, 


e=l4l45ty 5+ ke. =2°71828 de. 


(3.) Expand tan~'z by the method of indeterminate coef- 
ficients, 
u=tan~'r, whence if z=0, U,=tan0=0. 


du 1 
i a ere ec — 2 + 24—75 + &c., by actual division. 
But (Maclaurin’s Theor. Cor.), 
| x x 
——= +20; S+30,- 5g t4 Usa qthe. 
- roy e a oe aA 
SoU y2U, 3+ 3 U3: 7. ag tte a3. agg ts: 7. 573.405 + 


=] — 7? 4+ at— 764+ &e. ; 
Equating coefficients of like powers of 2, we have 


U,=1, U,=0, U,=—2, U,=0, U;=2-3-4, &e. ; 
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227 2-83-42 
whence by substitution, w=ar— 5. 973+5.3.4.5 3.4.5 — &e. 


oe 2- af 
e a) Eee CS eats pic aRe 
tan v=2 3 +5 7 t he. 


tan?x tans tan7u Ga 
ey ana 


which is an expression for the arc, in terms of its tangent. 





tanu=2, “.u=tanu— 


By help of this and Machin’s Formula, we may find an 
approximate expression for the length of the circumference 
of a circle. 


Let tma=s, A=4a, then A=4 iaeie 








5 
4 4 
fond x ttanaaftanta _ 5126 _120 
eT Gta 2 6 19 
~ 257 05 
120, 
: tan.i—1 _119— 1 
Now tan(.l —45°)= eae | “RO =339° 
119 
a A — 45°= tan 55 ) 
1 - 1 1 
BO we A eae _— io? aieemee —~l1_" * 
“.45°= A —tan 539 oz 4 tan 5 tan 539 
1 1 1 1 
=4(5 — 3) * BG — 77 +é&e) 
1 1 1 
rs 3(239)°* 5230) —&e.), 


* This is Machin’s Formula. 
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a very convergent series, by which, taking seven terms in 
the first row, and three in the second, we obtain 
w==3°141592653589793, 

which is the approximate length of the semicircle, the radius 
being unity. By taking three terms in the first row, and 
one in the second, we obtain 7=3:'1416, an approximation 
sufficiently near for ordinary purposes. 

(4.) Expand sec.z, in ascending powers of «. 


et. 


Put w=secr, whence if r=0, secr=1, 
du 
7p see tans, ce 4 & « « taneed: 0,0. 
ya 


du 
sy = see (1 +tan2r)+tanz seer tanr 


=seca+ 2secxr tan*z, i —a 


Bu 
——=secr tanr+2secr. 2tanz(1+ tan2r) + 2tan2r sece tang 


duc 
sul gee 0: 


=J5secr tanzr-+ 6sec.r tanz, 


d 4x 
de Ssecx(1+tan2r)+S5tanez secr tan zs 


+ 6seca.3tan*r(1 + tan2r) + 6 tanec secer tang 
=5secr+28secrtan*x+24secrtantr,. . Uy=5. 


Whence, by substitution, 


_ = ey 5aA - 
ee a Bs gegen 
(5.) Expand cos®z. 
Put w=cos*x, whence if r=0, cos'r=1, . U,=1. 
==3cos*r(—sinxz)=3sin'r—3sinz,. . U,;=0. 


du a4 
Gt Pin’ cosa—Scoss, . co ee « OSes. 
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3 
Too 9sinte(—sinz) +cos2. 18sing cose-+ 3sins 
=3sing—9sinixr+18sinrcostz, . . . U,=0. 
C= S00sa—2T sin’ cose-+ 18sinz.2cosz(—sinz) 
. +18cos*z.cosr, . . . .. . . O21. 
. 3a% 21x 32%  TsA 
°. u=cossz4= 1— 9 +9734 — &e. = 1— a t= — de. 


(6.) Develop (1+ ¢)* according to ascending powers of z. 
Let w=(1+e)", whence ifz=0, (1+e°)*=(141)", 
C= 2. 


Mon(lteyrie, 2. Cen. 


2 
ran (1 +67)" +e*.n(n—1)(1+e*)*%e*; make z=0, 


d7u gn-1 i sof 
77"? = + n(n—1)2"-*, U,=n2"4(n+1). 
oe =n(1 + e*)*e* + en (n—1)(1+6*)*"*. &* 
+n(n—1)(1+e*)*-* 2+ 6*.n(n—1)(n—2)(14+ 6)" ; 
make r=0, 
oven n2"-(n-41)+n(n—1)2"-2.2-4+n(n—1)(n—2).2"- 


=n (n+ 1)2"-3+n(n—1)2""+n(n—1) (n—2) 2" 

=n 2"-*{ (n+1)2+(n—1)2?+(n—1)(n—2)} 

=n 2" {2n+2+4n—4+n'§—3n+2} 

=n2"™3{n8+3n}, 2. . 2. » « Uy=n?2"-*(n+4+3). 
Whence, by substitution in the theorem, 


ee na n(n+l1) a  n%n+3) 2 
(Lteman{ltopt+—g pat ragt oo} 


D 
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(7.) Prove that log(1+ 7) =x— oe - 
Let w=log(1+2), whence ifw=0, U,=Jlog(1)=0. 
du 1 
dx 1l+2 
But (Maclaurin’s Theorem. Cor.) 


+ &c. 


=1l—24+2°—23+ 24 — de. by actual division. 


Ot = 0,4 Uyet iat = Fatt: eee ee 


dx 2-3-4 
And, equating coefficients of like powers of z, 
0, , YU, U, 
U,=1, U,=—1, 3 =), 7g) oy 


-U,=1, U,=—1, Uz=2, Uy=—2-3, Uy=2-3-4. 
Whence, by substitution in the theorem, 
log (1+2)=x2— aan = — a+ &e. 


Cor. Writing — x for x we i, 


at gf gt 
log (l-a)=—#—->5— 3 _ t — &e. 


(8.) Show, by help of the last example, that 


x 1 1 1 1 1 
log (53) == ~ 3 G@=1P 73 Gp ~ * 


Put —"-=1—z, then 
xz—l 


log (14+ 2)=z— sett get &e. (Ex. 7.) 








But z= as 
t— 


+ log (555) =255 ~ 2 ats a ae 
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(9.) If a, and 6, respectively represent the coefficients 
of z* in the expansions of w=/f(«), and log u; show that 


NO, == 0, Ay» t+ 2 bya, _s+3b,0,,+ ..- . +70yap- 
Assume u=a)+4,27+a,27.... +a,2", then 
i =0,42a2 oe eee +na,2", 


du l_at2ar+3a,e" .. +nayar _ diff. coeff. of log U. 
Now log u=b,+b,7+0,27 .... +06,2" 

: ee a re ee 2. ee $b, 

Q,+2a,.0 .... +na,2" 

Ay +a, t+a,n*%... +a,2" 
And, multiplying by the denominator, and equating coef- 

ficients of like powers of x, we have 


Hence =b,+2b.7...+nb,2"7). 


NAn=b,Ag_ yt 2 bgdy_st3bydq_ p+ . 2. +2b, ay 
(10.) Develop sinz and cosz in ascending powers of z. 
; ri x 
Mest Tag ee 
x aA 
cosr== 1 —_ T9tL93-4 ~_ &c. 
(11.) Prove Euler's formule, 
; e@v—t_g-V=1 et V~1 4 geval 
sn e=———_————» cose =———_____—__- 
oT 8/1 7 2 


(12.) Prove De Moivre’s formula, 
cosma+ /—1 abana a /—1 sinx)™, 
(13.) Prove that (tanz)4= ot Sab 208+ doo 


(14.) If w=sin“z, show that 
sin’y 32sindy 37, 52sin7x ke. 
wmsinut 35 +93-0.5+5-9.4.5.6.7 + 
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(15.) Develop u=cotz by the method of indeterminate 
coefficients. 
e 3 225 


1 
cota — 3 — ar.5 — 55.5.7 — 


(16.) Prove, by Maclaurin’s theorem, that 


(14204322) ta1—2428— lot 43 bbe 
Se ge 
(17.) Show that cos t=5—-©— 53-973 LG dc. 


(18.) Show that sin(a+b2+ca7)=sina+bz cosa 


2ccosa—l?sina , 6bcsina+lcosa 


9 xe 273 w— &e. 
2 
(19.) Prove that —— =— — —~ ——~-, — ke. 
e—r +2. 
(20.) If cosz+sing Vv —l1=e*”—!, and « take the parti- 
cular value 5 » prove the two formulz of John Bernouilli, 


namely, 


w7==—V—l.log(—1), and 


Smq) aay 7% (ry _} on’ 
(Va) s1 attra (5) 33 (5) ame 
Implict Functrona. 


Ex. (1.) Given u’—3u+a2=0, to expand u in a series of as- 


cending powers of . 


When +=0, uwb—3u=0, .u=0, ..... *.U =0. 
fe a GE, EB = 
oH dx Sat dx 3u?—l°'° A=3 
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9 du 
a cae "Ta 2 u —1 
dx? 3 (u?— 1)? “3 (w— 1) 1)? 3(u?— —1) 
2 u 
= 9 (w2— 1” eo oe ce we ew 8 we ee le U,=90 
du 
2 ee 2_.1)2 94 
dn gw —1) u. 3(u?—1)?. ue 
de —s«@O (u?— 16 
_ 2 Sw 1 2 Swe 
~~ 9° (w= 18 3(w—1) 27 (we 18° 87 


d4u 9 (u2 21 100 ~~ aaicts 5 (u?—1)F4. au 
det OT u2—1)10 


20 —4u8—2Qu ye 28+u 


=e (eal Bl Gta te ee 
diu = 40 224419 u?+ 1 Teen 40 
de® 243 (wl 243 
Whence, by substitution in Maclaurin’s theorem, 
_«¢« @ 
=3 s+ 3 +— 36 + &e. 


(2.) 2u3—ux—2=0; expand wu in a series. of ascending 
powers of 7. 


8 
u=lt+sa— 55.34 + We. 


8) 1 # aA 
2_. een = aap 
(3.) 6x ; show that w=2+4~2 3503790304 qt he. 


(4.) 22—8u—82=0 ; show that w= —r— - ~ std — &, 
(5.) 4u8e—u—4=0; show that w= —4—447—3(4)/47— he, 
D2 
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(6.) ui—a?u+auc—a=0 ; show that 





xa gt gd 
er ee 
(7.) sinu=asin(a+u), show that 
jake ang: Pandey oang Ge Tats) z + &e. 
l 1-2 1-2-3 


CHAPTER VI. 


EVALUATION OF INDETERMINATE FUNCTIONS. 


ae si , 
When the two terms of any fraction — contain a common 


@ 
factor, as a—a, and the particular value a be given to g, 


then, since z—a will be equal to 0, the fraction will assume 


the form . and be indeterminate. 


Such a fraction is improperly termed a vanishing fraction ; 
since its values may be finite, infinite, or nothing. 

When the common factor is obvious by inspection, it may 
of course be removed by division. 

The method of John Bernouilli is to differentiate the 
numerator and denominator, separately, until they do not 
vanish simultaneously by making z=a, and thus to deter- 
mine the true value of the fraction in that case. 

: P(#—a)™ 
If the fraction be of the form ~~ and m or n be a 
Q(z—a)” 
fraction, this method of successive differentiation will not 
apply, since, however often we differentiate, we shall never 
eliminate the common factor. 
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In this case we may put ath for x, expand both terms 
of the fraction in a series of ascending powers of h, and 
then put A=0. 

The process of evaluation of indeterminate functions 
enables us to find the sum of a series for a particular value 
of the variable. 

Ex. (1.) Find the real value of the fraction 

ax*—2Q acre + ac? 
ba? — 2 bex + bc? 

Here P=az?—2acxz+ac?, Oba? —2 bex + be?, 


when v=c. 


o—xa2ar—2ac=0 iff=c 
dz 


d@ _» ber—2le=0 ifa=e 
dx 
d?P 





—=—2a 

dsc* : 2a a 

#0_», .. the fraction = 5355" 

de 
(2.) Let u =e. Find u, when s=1. 
Here P= 4+ 22°—x—2, V=7—1; 

dP - : 

Fp et t4a—l=6 | ; ; 

A) 

¢ a = 322 =3 ifg=l : 

(3.) ene =I, when z=0. 
¢—sin zs 
dP 


mr —=e—e™*,cosr=1—1=0 if e=0, 


oo =1—cosz=1—1=0 if ¢=0, 
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c= =e* —e02(_ sin x) —cosz e"*. cosz=0 if e=0, 
2 

a= =sing=0 if r=0, 

d8P 

7st cosz-+ sing e™™*, copa —cos*x e!™*, coax 


+e", Jcosrsing=14+14+0—14+0=1 ifx=0, 
d3Q 1 














qs Ce =1 if e=0, “nya. 
nx il—z 
(4.) w= (1— x) tan , ae when z=1. 
cot — 
2 
vis 
Here P=1—z, =cot 5% 
us 
dP dQ 2 
woah 7 a ’ make ¢=1, then 
sin?— 2 
2 
“ad = 
dQ 2 bo Mae wT ee a 
dz ein?” 1 2  & 
2 2 
2__42\t4 g@ — 
(5.) w= la as tap Find u, when r=a. 


(a— 23)* + (a—zx)t 
Put z=a—h, then 

__ {@—(a—h)*}44a—(a—A) 
~ {a®—(a—h)®} 4+ {a—(a—A)}4 
2 {2Qah—h?}4+h 

~ {8a?h—3ah?+ h2}4+4A4 
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M(Qa—h)i+h _ (Qa—A)i+At 
ht 3a2?—3ah+h2)t4h4  (3a2—3ah+h2)t+1 
(2a)* 
Now, putting 4=0, have 
Pp g we ha ae 
tanz—sinz |] 
(6.) i= when 2=0. 
dP 
dx sectr—cosz 1 —cos’z 1—cos*x 
dQ 3c? =<" 308 ~~—~CS*«C 
dt 





since the factor al when x=0 ; 


CP 3cos’z.sina sing 





» *: cosz=1, when z=0; 





d@ Gz Qe 
oy hence ones. when 7=0. 
$_ 3442 
(7.) Find the real value of 7 Gn ea 3 when z=1. 
Ans. 0. 
—(q?—z2)4 1 
(8.) If wate) when e=0,  u=>-- 
2 att 
(9.) ux = ale when t=a, u=da. 
t—a 
a ey eae 
(10.) yo ete, when e=a, u=0. 
r en 
(11.) Waa when a2, Ux. 
cot + cosec e—1 v 
re alta f iO Zaha h =— usl. 
C2) cot 2—cosec c+1- mene gy 
. vr 
of ae - 
(13.) u=——_—_——-» wheng==, u=—l. 


COS wv 2 
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_(@—2)t+at—at se Sted 
(14.) w= (22a) when z=a, u= Fe 
(15.) If in = v=1, show that 1+2+2?+ ..a*-I=n. 
rm — a n 
(16.) w= AE ER when z=1, ae Py 
(17.) u amare), when z=0, u=4. 
(18.) Ma’ when c=0, u=2. 
tanrz—7e 
(19.) u= Oia when c=0, i= 
jase hen e=1, uzlog (“ 
(20.) w= log 2 , when z=], u=log (=). 
l(] — 
(21.) u =“> u 2 when z=0, u=1. 
ye 
-—a+V/2axr—2Qa? 
(22.) “= = = =1, when v=a. 
u*—a? 
(23.) was, when z=0, u=0. 
Ogee when z=1, u=2. 


z—l1—zx logs 
(25.) u=ze-*=0, when z=o., 
le 


4 x 


(26.) u= 





, when «z=0, t= 
x 


(27.) If ye*—2=0 ; show that when 2 approaches o the 
limiting values of e~* and y are identical, and that the limit- 
ing value of y is zero. 
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log (tan 2 

(28.) u Set when z=0, u=1. 
ot = 

(29.) we tend _ 4, when x=a. 

30.) =e tan > when z=a, ee 

is 

emt —. ema 

(31.) u= ae when z=a, u=me™, 

(32.) u _ _@+))@-lf _ Ao ehaneeet 
(2—1)?+ sin? (2?—1)4 > 
log (1+n7) 

(33.) we * , when z=0, u=e". 
in? 

(34.) w= when z=0, u=2. 

(35.) If the fraction —— j : Fara 5) assume the form co —o 


when z=a ; show that this illusory form o —o, and also 


0 x o& are each identical with the form °. 


CHAPTER VII. 
MAXIMA AND MINIMA. 
ONE VARIABLE. 


If a quantity increases to a certain extent, and then 
decreases to a certain extent, its values at these limits 
respectively are a maximum and a minimum. 

If it repeatedly increases and decreases alternately, it 
has several maxima and minima. 
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If it increases continually or decreases continually, it has 
no maxima or minima. 

Let u=f (xr); then, to determine the values of 2 which 
du 
daz 
substitute the possible roots of the resulting equation in 
d7% 


752’ then, if tae negative quantity, the value of « which 


; : .p a? ik 
is substituted renders « a maximum ; if =a positive 


ze 


quantity, the value of z which is substituted renders ua 


render « @ maximum or minimum, put —-=0 or 0, and 


A maximum or minimum can exist only when the first 
differential coefficient which does not vanish is of an even 


order. 


If «=a maximum or minimum, then au and — are 
a 


maxima or minima. Hence, before differentiating, we may 
reject any constant positive factor in the value of w. 

If ua maximum or minimum, then wz” is a maximum or 
minimum if 7 is positive ; but when w=a maximum u~" is a 
minimum, and when u=a minimum uw” is a maximum. 
Hence, hefore differentiating, we may reject a constant 
exponent. 

If w=a maximum or minimum, log zw is a maximum or 
minimum. Hence, when the function consists of a product 
or quotient of powers or roots, we may use the logarithms. 

Ex. (1.) Find when 2° —5.24+52°+1 is either a maxi- 
mum or a minimum. 

Let u=a'—S2t+527+1, then 

du 


Jp OM 20.2? + 15 27, and putting this=0, 
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2 (a?—4¢2+3)=0, x2=0, 2?—4743=0, 
s*—4e2=—3, 22=3, z=l, 
d2u ee ot : 
3 =20 c'—60.2?+4+ 302, and substituting successively 
the values of z, (0, 1, 3) in this expression, 
2 
— =0, from which we can infer nothing, 


2 
—; =20—60+30=—10, which indicates a maximum, 


—. = 540 —540 + 90= + 90, which indicates a minimum. 
a 


Hence, when #=1, u=2, a maximum, 
and, when r=3, u=—26, a minimum. 
(2.) If u=/4a?2?—2az, ascertain those values of x 
which make w a maximum or minimum. 
Rejecting the radical and the common factor 2a, put 
du 


u=2 ax" —2, Jeg at 8 = (Sa—82) x=), 








4a—32=0, r=0, nant x=0, 
du 
qa Ot tae ee, 
a*u 
ante ea ee 
4a [644 128a4 / 64a4 

Hence w= makes u= 9° 7 77> x3 

= hig a maximum 

~ 373 


z=0 makes u=0, a minimum. 
E 
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(3.) Determine the maxima and minima values of the 








: Mond 
function u=] re 2 
Putting w= we shall have os = old 
oo the Ute) Fo" =o, e=+1, o=—l, 
d?p 27. 2x—(a*—1) 2a 20 2 
da as ~ gf gs 
d2n 2 
“= +7 which indicates a minimum, 
eo. : maximum 
eT . 


} 
he galas a minimum. 


(4.) Divide a number a into two such parts that the pro- 
duct of the m‘® power of the one and the n‘* power of the 
other shall be the greatest possible. 

Let x, and a—z« be the parts, then 
u=2™ (a—x)", 

du 

mae (a—zx)*"}(—1)+(a—2)"*ma™! 
=x"! (a—ax)""! { —an+(a—zx) m} 
=a") (qa—ax)""! {ma—(m+n) xz} =0; 

ma 
m + n 





S20, =a, t= 


Or thus, log u=m log «+n log (a—z), 
dul om n du _ (a) 


ica =  G@—a@ dx (a—x) x 
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lee nippy EE 0, 
da (a—x) x 
ssa, x=a, =——- 
m+n 


Now the values 0 and a may be rejected, since there can 
be no division of the line if z=0 or a. 





Hence, differentiating again, and substituting ah 
the second differential coefficient, we have 
d24 








ro ha —(m+n). which indicates a maximum, 
a=——— and a—a=—"—— are the parts. 
m+n m+n 


(5.) If u=sin’zcosx, show that u is a maximum when 
x= 60°. 


du 3, e Se, 
Fa Bin sinz-+cosa3 sin2x cosx 


= 3 sin?z cosa —sintz=0, 


”. 3sin?z cos’x=ain4z, 3 cos’x= sin?z = 1 —cos’z, 
-.4cos’x= I, cosas “t= 60°; 
dazu ; 
<= 3sinte. 2 2 cosx (—sinx)+3cos*’x. 2 sinz cosx 
—4yin®z cosa== — 6sin®z cosa + 6sin x cos®z 
— 4sin®x cosz== — 10sin®x cosx+ 6 sin cos*z. 
J3 , 3/3 
Now sinz=——  .. sin°'a=——_, 
2 8 
du 3073 1 6V3 1 175 
See gt g=— - 3, a negative result, 
JS3 
po : /3, @ maximum. 
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(6.) Divide a number n into two such factors that the 
sum of their squares shall be the smallest possible. 


n 
Let x be one factor, = the other ; then 


2 2 
gate, du an 


—=2¢—-—= 

x 7 aaa aaa 

ke x=) waA=n?  xz=vn, 
x 


“=? +or=2 +02 +6=+8, a positive result, 
..wisaminimum. Hence the sum of the squares will be 
the smallest possible when the factors are equal, each being 
the square root of the given number. 

(7.) Into how many equal parts must a number n be 
divided that their continued product may be a maximuin ? 


Let there be x equal parts, then 


~ is the magnitude of each, and 
n # 
“= (~) is their continued product, 


log u=2x log (=) =2 (logn —logz), 


du | 1 
aa i 5) +logn—loga= —1+logn—log=, 
du 


oh —1+logn— logx} =0, 


- logz=logn—1=logn —loge=log(~), ae = . 
au 


] du 
ia (- ~)-+(—1+logn—logz) ae 


ll 


(2) (— Z)+0=e(— $), » negative rem 


n 


n\* = 
.w=(=} =e, a maximum. 
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ee a ; — 0 
(8.) Show that i r —— is a maximum when 7=45 


du _(1+tanx) cosx—sina (1 +tan?z) 
dx (1+4tanx)? 
cosx + sinz—sing—sing tan2x 
= (1+ tana)? 
cos2—sin x tan72 


~ (1+4tanz)? ~~’ 





; sing 
.. sing tan’z=cosz, -tan?’g=1, tanSv=—1, *. x= 45°. 
x 


dy 3 

—ae SS a a . 

i Z v2, a negative result, 
eae : _/2, a maximum. 
~T+tanz 4 


(9.) If @ be the hypothenuse of a right-angled triangle, 
find the length of the other sides when the area is a maxi- 
mum. 


Let x be one of the other sides, then 
/a?—z? is the remaining side. 


And area =se a*—z". 


] 
Now, rejecting the constant 5° we may take 
uaz (a*—2z”)=a?2* — a4, 


—=2a%r—4=22(a?—22*)=0, ».c=0, r= 
du 


sate — eat 2at—6a?= —4a?, a negative result, 
“.u is & Maximum, and the area is a maximum when the 


a 
two sides are each =—— 
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(10.) What fraction exceeds its nt power by the greatest 
number possible # 


Let x be the fraction, then u=a— 2", a= l—ng* = 
2 





1 
“nga, £=—— 
en 
d2y 1 
— = —n(n—1)2*-2= —n(n—1)-——» which is negative, 
daz* — 
eet 
..4 18 & Maximum. rom ] 


n-l — 
Vn 


(11.) Within an angle BAC a point P is given, through 
which it is required to draw a straight line so that the 
triangle cut off by it shall be the smallest ‘ 
possible. 

Let PN =a, AN=b, AD=rn, then i. 
ND=2-—b, ND: PN:: AD: AE or + ofS “ 


ax \ 
C 








a~—b:a:: 2:AH#, J AK= ; B 
a—b 
] ] ax, 
Now area A DAL=> A D- A Hsin A =54- Pie jain A, 


_ xo du_(r— b)2r—2? _ wt—2ba_ x(r—2b) 
a—b de (a—by — (a—by (x—)? 





==-0), 





“ 2=2b, 
d?u_(a—b)?. (22—26) — (x? — 2h). 2(@—0) 
dx  («—by 
_2(@— —bP—2 (2? — Dh) _ 2)? T= 2 
aml  (t— bys b 


a positive result, .“. the area is a minimum. 
Since AD=2AN, “.DH=2DP, .. the line must be 
so drawn as to be bisected by the given point P. 
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(12.) From two points A, B, to draw two straight lines to 
a point P in a given line ON, so that AP+BP shall be a 


minimum. 


Let O be the origin of co-ordinates, and the given line the 


axis of x. 


Let OP=x, and let the co-ordinates of A be a, 6, and 


those of B be a,, b,. Then B 


A P= VAM?+ PM?*= VV? +(2—a), 
BP=V/BN?+ PN= Vb24 (a,—2)y, 
“u=AP+ BP= Vl? + (¢—a)?+ Vb24+(a,—2)?,a minimum, 


eo og 


N 











du | r—a a,—2z if 
de Vite@nap Vit eae 
r—~O = a,—z 
7 b+ (c—a) /b24 (a,—2) 
MP NP 
AP~ BP . LAPH=BPN. 


(13.) If the length of an arc of a circle be 2a, find the 
angle it must subtend at the centre so that the correspond- 
ing scgment may be a maximum or minimum. 

Draw CD bisecting the arc, and let x be the 


radius, then — LACD. 
Now area segment 4 DB=sector ACB— A ACB 


ae rad x arc — I iesin ACB 





2 2 
1... ACB ACB 
=ar— 52°. 2sin 5 cos —— 


7. a 
“.uU=ax—z" sin — cos—) 
x of 


44 MAXIMA AND MINIMA. 


du . a . a a 2.4, a 
—-=a—a?sin~(—sin“) (—=)-« cos — COS ~ | — — 
dz x x x vss x 
. a 4a 
—2z sin — cos — 
x ef 
1 9 24 a «@ 
=a—a sin*~+a cos? — —#2sin— cos ~ 
x x zr 
a aia 
=a—a+2acos?~ —zx 2sin — cos — 
x ze 


9 acne @ a _ a 
=2 cos~{acos— —zsin—) =0. 
x x x 


a T 2a ‘ ] 
Take cos —=0, oye and the segment is a © 





= maximum. 
. a 
sin — ; 
a . @ zr a 
Take acos—=27S1n —: =tan-=-> 
x x a x 
C08 — 
x 
e a e e 
—- 20, £m and 4 = minimum. 


(14.) Within a given circle to inscribe the greatest isos- 


celes triangle. 
Let radius OA =a, AB=AC=2, BC=2y, 


AB-AC-BC x*y 
BD=y. Then A=——— 440 0 Ba’ a \) 


7 


SLayJA—f, tata F—¥, 
gA=4a%72?—4a7y?, 4a%y?= 407%? —24, Qay=a2v 4a?—2, 
ny=geev 4a? — x, 


Also A= 
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l 
Now A = 5 vy= Lae 2V 4a?—2?, a maximum. 
a 2a 2a 
Put u=26(4a?—2?)=4 a2z6 — 28, 
du 


Tp tt aw’ 827 =0, 1. 827 =24 0225, 
w=3ea2 sa=-aV3, 
1 bans eta 
BC=2y=—a /3V/4a2?—3a?=aV/3, and A is equilateral. 


(15.) Of all equiangular and isoperimetrical parallelo- 
grams, show that the equilateral has the greatest area. 

The perimeters of the figures being all equal, the perimeter 
of each may be considered as one line, and the proposition 
then resolves itself into the following. “ To divide a given 
straight line into two such parts that the rectangle contained 
by those parts shall be the greatest possible.” 

Let a be the line, x one part, then a—z is the other, 

a(a—z) is the rectangle, and u=ar—z*, a maximum. 


du a 
—=a—22=0, Ae 
dz 2 


.. the line must be divided into two equal parts, and the 
parallelogram will be equilateral. 

(16.) Of all triangles on the same base and having equal 
vertical angles the isosceles has the greatest perimeter. 

Let a be the base, a the vertical angle, 2 and y the two 
sides, then u =a+a2+y=a maximum. 

al “0, a , 2ry cosa=z+y?—a?, 
ee + 2y cos a= 2r+ ay; — COSA + YCOSA=2L—Y, 

dx dx 


“ —(e—y)cosa=r—y, -.2—y=0, 
.. g==y, and the A is isosceles. 
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(17.) The segment of a circle being given, it is required 
to inscribe the greatest possible rectangle in it. 


Let BAD be the segment, radius =a, , * 
AM=zx, draw AC through the centre per- Fs | | | SG 
pendicular to PM or BD. Let AC=b. 

Then PI?=(2a—-)z, Eue. B. iii. p. 35. 


2 PM=V2ar—2", MC=b—x, 
Area rectangle = MC.2 PM=2(b—z) V2ax—<2". 
Put u=(b—2)*-(2ax—2"), 
© =(b—a)?(2a—22) + (2az—2%)-2(5—z)(—1)=0 
“.(b—2) (a—x)=2ar—z?, ab —axr—ba+2°=2ax—2?, 
b 
iuGeviesagy 22 ee 





rr rn ie 
; eet tht V9 a —2ab +H 
e i) oie ea 


(18.) To cut the greatest parabela from a given right 
cone. 


Let BD=a, AD=b, BC=zr, CD=a—xz, a 
Then -; BY DM is a circle, and MC=NC, . 
MC=BC-CD, MC=Vz(a—z), \ 


MN=2Var— 2. 7 EDD 
Also BD: AD:: BO: PC, »Po=Ht42.2O_*, 
BD a 


Area parabola=5 PC: un=2 ue 


-2/ax—z, a maximum. 
3 a 
Put u=27 (axr—2*) =a — x4, 
qu sa2—4=0, +.4a4= Bar? 
daz 


ila : 2. which indicat axi 
7a ge es a8 maximum. 


_3 
t=7 4. 
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(19.) Within a given parabola to inscribe the greatest 
parabola, the vertex of the latter being at the bisection of 
the base of the former. 


Let BAC be the given parabola, Z its latus rectum. + 


AD=a, BD=b, DN=2, PN=y. 


RB 


Area parabola =5-2PN.ND=5-2ye: B c 


Now °; the square of any ordinate to the axis = the rect- 
angle under the latus rectum and abscissa, 


.Y=L-AN=L(a—z), P=L-AD=L-a, 





yy a—z b J 
== =—=Va—Zz, 
a sae 
. area parabola = ee a—az 
? 3 /a 


=27 (a—x) = ax? — 2, 
OY 9g: . 3a%=2azg, gay: 
dz 3 
(20.) Inscribe the greatest cylinder within a given right 
cone. 
Let ABC be the cone, 4D=a, BD=b, DN=x, PN=y, 
AN=a—z. r 


Volume of cylinder = (2PN \?, ND=ry*z. 
BD {ry 
AD: BD:: AN: PN, PN=—7,,:4N, or 
ee *. cylinder = . a—x)* 
=, (a—zx), .. cylinder =z =a a)*a. 


Put u=(a—2)*e=atx—2 ax? + 2, 
du 


al 2 a 4 x ab? ° 
b a 4ra 
y=>(a— 3)=3% cylinder =n -3=—— 
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(21.) If the volume of a cylinder be a, find its form when 
its surface is the least possible. 


Let AB=2, BC=y. 


Surface = convex surface + 2 area of base 





= BC-n-AB+2BC?.F nay +57. 
Volume =a=B0?.5-AB=7 xy’, w= 


4a ue 4a 
Oem — 2 pone 2 





du_—s 4a 0 . 3 44 

dy yy ) f= oe 

_ 640% 640% 4a ee 

~ WyS 16a? ox cea 
saa 


or altitude = diameter of base. 
d? 8 es 
Tat etra Gt xa=-+32, a@ positive result, 


.. the surface is a minimum. 

(22.) The latitude of a place and two circles parallel to 
the horizon being given ; to determine the declination of a 
heavenly body, whose apparent time of passage from one 
circle to the other shall be a minimum. 

Let P be the pole, Z the zenith, 5, S, the positions of the 
heavenly body on the parallel circles, the polar distances 
PS, PS, being equal, 

L4PS=P, ZPS=P,, polar distance PS or PS,=z, 
arc ZS=a, ZS,=a,, latitude =/, declination =6; then 

‘; the passage along the arc S'S, is the shortest possible, 


.. the angle SPS,= a minimum, 
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dSPS,_d(P,—P) _ .aP,_dP % 
= de dx” dy ass 
dP cot S aP, __ cots, 
But ——=—-——_ s 
dx sin x “ds sin az 
«, cotS _ cots, .8=8. : 
sin @ sin x 
ee — 
FR a fc hl 
slInd@ slnzL sin (, sn Zz 


_ Sind —cosa cosa _ sin —cosa, COBT 
: gin a sind, 


eee +a) 
9 e 
cos 4= ——____—_— : sin], 
cos 5 (a,—a) 


And °; the declination is the complement of the polar 


cos = 5 (a +a) 
distance, “. sin 6==——_——_—_—— - sin. 
COB 5 (a,—a) 


Cor. If a=>? and a=s+2 d, this expression becomes 


sind==—tand sin/; and if the heavenly body be the sun, 
and 2d=18° nearly = his depression below the horizon 
when twilight begins in the morning or ends in the evening, 
we are enabled to determine the time of shortest twilight by 
means of the analogy rad : sin lat :: tan 9° : —sind, where 
the negative sign indicates that, if the latitude be north, the 
declination will be south, and vice versa 

(23.) The centres of two spheres (radii 7, 7) are at the ex- 
tremities of a straight line 2a, on which a circle is described. 

F 
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Find a point in the circumference from which the greatest 
portion of spherical surface is visible. 

Let # and y be the distances of 
the point from the centres of the 
two spheres; draw tangents HA, 
EB, ED, EF; jon AB, DF. 

Then, of the sphere C’ the portion 
visible is the convex surface of the 
segment 4 HB S, whose area = height HS x circumference 
of the sphere. 


2 
Now r:7,::7,:C8,) +. Osa, .. height of segment 





2 
=r,— ““=HS, circumference of sphere=277,, 
2er (r — MY) =visible ortion of sphere C’; and similar] 
ea ep p p 3 y 
Zr (r»— oa =visible portion of sphere c. 


2 2 
Hence 2 | r; (n— -) + r(r>— =) \ = whole visible surface. 


( J 
3 3 
Put w=r,?— = + 7,2— “a then 
dy 

HG a8 3 3 

clear UY peice ate eee ees Le ey, 

dx az y* : a y" dx 

————- dy x 

But y= V/4a?— 2 7. 

2 de JSheaae 
Hence r? r? x rex 





w dat—at Viat— (dal—adt 
“7 3(4a?— x) $= 7373, r,(4a?—2?)t= ret, 7,2(4a? —2?) = r,222, 
_ 4a*r? Zar, 


4a? 2 — 72a =r 22, ei ——» t= 
rye +r, Vr re 
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(24.) Of all ellipses that can be inscribed in a rhombus 
whose diagonals are 2m and 2n, show that the greatest is 


° e e m n 
that whose major and minor semi-axes are —= and —= 


V2 V2 


respectively. 
ABCD the rhombus, OC=m, OB=n, 
a and b the semi-axes of the ellipse. 
Let ON=2, NP=y. Then by the 
properties of the ellipse 
OC. ON =a?, OB-NP=0?, orm-r#=a?, n-y=l?, 
xg? a y? 


* taint al 2 2a J2. J2 ee ea 
oom =— a 7 — e >. b > ? 
: sf ‘ a® m? b? n? 

gg yt a@ BB 


oe: hm? t ye > © ee (1), 





where a and 0 alone 


must be considered as variables. 

But, area ellipse =xab= a maximum. 

Rejecting the constant z, and differentiating this and 
equation (1), we have 


; db_ 4 a b db _ 
pa ae : m n2da ’ 
_a Ob b 6 a 2a* 2)? — 
"m nea’ m2 ne m ne” 
a 1 6 1 m n 
—_-=-——» -_-=———» t=) b= ° 
m v2 n v2 /3 JS2 


(25.) If u=at— 825 4 2227-2424 12, find the values of x 
which render « & maximum or a minimum. 

Ans. When x=3, wu is @ minimum, 
v=2, wis a Maximum, 
c=1, wis a minimum. 

(26.) Find when 2°—6z?+9xr+10 is a maximum, and 


it is a minimum. ; ads 
when it 1s When v=3, u is a minimun, 


v=1, u is & Maximum. 
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(27.) Find the maxima and minima values of the function 
uz 3a2z3 — LAr +c. 


Fed . J s e 
When «=—> uw is & Minimum. 





3a 
yC, : 
t=— =~» wis a Maximum. 
3a 
a’x m ° e bd 
(28.) sa ye! ascertain when w is a maximum and 
a— zx 
when @ minimum. a ste 
When c= —a, u= — 9? ® minimum, 


f=+a, u=«O, & Maximum. 


1 
(29.) u=a*; find when w is a maximum. 
v=er2°71828 ke. 
(30.) ee = a determine when ~ is a maximum and 
when a minimum. ea —2, u=0, & Maximum, 
x=0, w= 62, a minimum. 


(31.) u=ar+ Va?—2be+27 ; ss is 4 & Maximum ¢ 
a? 


When r= u= oF 9, to & maximum. 
B 
32. eee ORT show that uw 18 @ minimum 
es av a?+ b?— 2 





24 h2 
when r= Af 


(33.) as=secxr+cosecr ; show that uw is a minimum when 
t=—=—~e 


(34.) In a given triangle to inscribe the greatest paral- 


lelogram. 
Ans, Side of parallelogram = 3 side of triangle. 


(35.) A column a feet high has a statue on the top of it, 
the height from the ground to the top of the statue is U feet ; 
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find a point in the horizontal plane at which the statue sub- 


tenderthe: Breatae anal’ Ans, “ab feet from the base. 

(36.) Show that the difference between the sine and 
versed sine is a maximum when the arc is 45°. 

(37.) Let AC and BD be parallel, and join 4 " 
AD; it is required to draw from C a straight ; 
line so that the triangles HOD, AOC together 
shall be a minimum. ¢ D 

Let AC=a, AD=l, AO=z; then c= V0. 

(38.) The base and vertical angle of a triangle being given, 
show that when it is isosceles its area is a maximum. 

(39.) A farmer has a field of triangular form, which he 
wishes to divide into two equal parts by a fence ; find the 
points in the sides of the field from which he must draw the 
line, for his fence to be the least possible expense to him. 

Ans. Ifu, b,c be the sides, the distance of each point 


from the angle C’ is ate and the length 


of the fence is PY (c~at+b(eta—b) | 
2 


(40.) If the greatest rectangle be inscribed in an ellipse, 
the greatest ellipse in that rectangle, again the greatest rect- 
angle in that ellipse, and so on continually ; show that the 
sum of all the inscribed rectangles is equal to the area of any 
parallelogram circumscribing the given ellipse. 

(41.) Prove that the greatest area that can be contained 
by four straight lines is that of a quadrilateral inscribed in a 
circle. 

(42.) Inscribe the greatest ellipse in a given isosceles 


triangle. Ans. Major axis ae altitude of triangle. 


3 
F 2 
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(43.) A tree, in the form of a frustrum of a cone, is 
n feet long, and its greater and less diameters are a and b 
feet respectively ; show that the greatest square beam that 





can be cut out of it is feet lung. 


Te =) 


(44.) Describe the least isosceles triangle about a given 
circle. The triangle is equilateral. 

(45.) To inscribe the greatest right cone in a given sphere, 
whose radius is r. 


Distance of base of cone from centre of sphere =5 . 


(46.) If the polar diameter of the earth be to the equato- 
rial diameter as 229 : 230; show that the greatest angle 
made by a body falling to the earth, with a perpendicular to 
the surface, is 14’ 58”, and that the latitude is 45° 7’ 29”. 
See fig. ex. 9. page 84. 

(47.) Ina parabolic curve, whose vertex is A, and focus 
S, find a point P, such that the ratio dP: SP shall be a 
maximum. AP:8P::2: V3. 

(48.) Inscribe the greatest parabola in a given isosceles 
age Altitude of parabola =i altitude of triangle. 

(49.) If in a circle, whose radius is r, a right-angled tri- 
angle be inscribed ; show that, when a maximum circle is 
inscribed in the triangle, the area of the triangle is 77, 

(50.) Inscribe the greatest cylinder in a given prolate 
spheroid. 

(51.) Required the maximum and minimum values of u 
in the equation u—a7z+2=0. 


(52.) ao = = find the maximum and minimum values 


of 
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(53.) Show that the greatest paraboloid that can be in- 
scribed in a given right cone is : of the height of that cone. 


(54.) u=ae*; show that when w is a maximum, 


(55.) Find that sphere which, being put into a conical 
vessel of given dimensions, will displace the greatest possible 
quantity of fluid. 


(56.) Two circles of given radii intersect each other ; find 
the longest straight line which can be drawn through either 
point of intersection, and terminated by the circumferences. 


(57.) If a tangent to a great circle of a sphere measure 5}, 
and a perpendicular to a tangent meeting the great circle 
measure 4 feet ; show that the volume of the sphere is to 
the volume of its greatest inscribed semispheroid as 27 : 16. 

(58.) Find what values of « make (c—2) (+3) (5—z) a 
maximum or minimum, and distinguish the one from the 
other. | 

(59.) Inscribe the greatest cone in a given hemisphere 
ABC, the vertex of the cone being at A. 


For other examples and solutions see chap. xi. 


IMPLICIT FUNCTIONS OF TWO VARIABLES. 


If w=f (a, y), uw being an implicit function of the two 
variables 2 and y, by putting - =0, we shall find the 
values of « which render y a maximum or minimum. 
au. au) 

d 


By substituting the particular value of # in (= Py 
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if the result be positive, y will bea maximum ; if negative, 
& minimum. 

Ex, (1.) Let u=aS—3a22+y3=0; determine the maxi- 
mum and minimum values of y. 

Differentiate with respect to 2, considering y constant. 


a= 3.2 3a7=0, +.a%=a?, p= +a, c= —a. 

d?u : ; eee 

it 6x. Differentiate the given function with 
respect to y, considering x constant. 

a 3y’. Substitute the values of z in u. 


&—38+%=0, «yY=2a, y=aV?, 
—8+3a+7=0, oy=—203, y=—aV?. 
d? : 
ae a war ——» a positive re- 
da? dx 3y? 3a?,2% 
sult, pe neem 


du dy 62 —6a ‘ 
—_ —-=—_ = ——_,=—- — a negative re- 
dx dz 3y? oa 2% a 
sult, ..y=—aV2 is a minimum. 
(2.) u=a—3ary+y'=0; show that when r=0, y=0, 
a minimum ; and when s=aV2, y=a V4, a maximum. 
(3.) 42y—y!—at=2; show that when = +1 or —1, 
y=+1 or —1, neither being a maximum or minimum. 
(4.) y2—3=—2~2 (xy+2) ; show that when z=1, y= —], 


] 
neither a maximum nor a minimum; but when = — 5 ) 


y==2, a maximun.. 


of 


CHAPTER VIII. 
FUNCTIONS OF TWO OR MORE VARIABLES 


Ifu=f(2, y), # and y being two variables independent 
of each other, then 





du — dtu du du deu d3u 
dydx dxdy dydx dx dy? dy dy da da dy. 
atr a+r 
and generally ———— pil pe, 


yd ~datdy? 
In a function of any number of variables, the order of 
differentiation is indifferent. 


The total differential of two variables is equal to the sum 
of the partial differentials ; or if w==f(a, y), 


du 
du= (=) i+ (F ~) ay. 
d*y au 
yy mm peat ieenncner -] 
d u=— da" +n ieVdy dx" 'dy 
n(n—1) du 
tT 


da? dy? 
Ex. (1.) Let w=a5y? ; 


————, dx” Ady? + &e. 
d?u 

find du, ede 

To find the partial differential coefficient ( 7 ), consider 


u ‘ 
o 
y constant, and differentiate with respect to 2; and to find 
(= 


and 





iy) , consider x constant, and differentiate with respect 
(k 
to y. 
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d2u dtu du ste at 
To find —— aivas in ' Ge i ———» differentiate (=) considering x 
du ee 
constant, or differentiate (a) considering y constant. 
u=ay?, 
du du 
—- | = 2 —_— |} : 
(ze a (a) aye, 
du 
du= (— —) dx + ( a) dy=3 27 y*da+2yaedy 
=wy (3ydr+22x dy). 
d7u d2u 
Sr a ss aaah aa PF 
x? + y? du 
2.) w= ——" 
(os ge—y?? a dydz 
(a) = (x?@—y*)-22—(a?+y*)-20 —— Aay? 
a (—y)? ~ @ayP 
dtu __ (P—P P 8ay—s4ay?-2 (e—y") (—2y) 
dydxe (x? — y*)4 
Say (227—y")4+162y8 = Bay + 8ry 
Ee 
P+y aru 
— 82y Cay (2? —y*)8 ~“dady" 
Svea; Giles, ani 
(3.) w=sin rk ; dvds 
: 1 du 
sin w==— 2, COS U —==—> 
y day 





du i _ 
-(Z)= yCO8U y/]—sinty 


1 
pe VPA 
y/ 7 : 
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Again sinu="> consider x constant. 
u x 
la — 2 
DY (ee) a eee ey 
dy) =~ Peosu— tant oy VP 
Hence du= (=) dz + (x) dy 
ee spt __ yda—ady 
Vp yim ye 
et sees 
du mee a —y du 


ie | pe Ge dedy 

















(4.) u= ae > find du, and show that 





d?u 2x d*u dzu A xyz sayz _ d2u 
drdy @—2 dyd« dadz ~ (e@—22 ~ dzdx 
du - 2 xz d7u al 

dydz (a?—2*)? deda 
By 4az Bu d3u 


dadydz (@—=) dzdydx dydadz 


First differentiate considering 7, 2 constant ; then consi- 


dering x, = constant ; and lastly considering xz, y constant. 


dus Bay du du 2x yz 
dx a@— dy a@—z* dz (a? — (a2— 2)?’ 


du= (=) diz + (=) dy + (=) dz 


dx 
Qay x 2 xyz 
—~—. dt + =—5 ae ay + ea 


Poe 
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du ss Day . 
Now ar —; Consider «, z constant, and differentiate. 
dus 2x 
dxdy at—z? 
dus a” ; , 
7g ae Consider z constant, and differentiate. 
dus ar Hence 2 d*u ae d*u 
dydx  a®—z? dady a? — 2? a dy dr 
duos Dery . . 
Again ee Consider z, y constant, and differentiate. 


d?u = —2Qay:-(—22) 4 ayz 
drdz —— (u®—z*)? ~ (a2 27)?" 
du Qarryz 


dz (@—2P 


Consider y, z constant, and differentiate. 


du 4 xyz d2u = 4ayr du 
peeeay Oe ey dee 
Agai as Consider x constant, and differentiate 
a dy a?—z? , ° 


— 
ene DON eee + 
——— 


are: - Consider 2, z constant, and differentiate. 
iii AM a le : Hence ——- a APT mk . 
dzdy (a?—2z*) dydz (a?—22\?" dzdy 
Now ice - Consider 2, y constant, and differentiate. 
dady a*—z* ; : 
Bu ace 2a (—2 —22(—22) 4xz 
dedydz (a®@—z*)? ~ (a?—2%)? 
7 ree i a - Consider y, z constant, and differentiate. 


d’y 4 xz 


dzdy dx (a®—z%* 
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= a nonce ae 5: Consider x constant, and differentiate. 
d¥u == —2x4(—22)  — 4rz 
Indy a= (a =a 
Hence Gu _ Axz _ dru = du 
dadydz (a*—z*)2 dzdydx dydxdz 
(6.) uxzyA ; find du, and show that 
d7u d*u 
dyda °° Tedy” 
(7.) w= ; dua" (5ydz—3ardy). 
(8.) w= ; du=x (Zde+ loge dy), and 


d7u yloy _ du 
Dida +i loge) =a" 

















9.) u sin’: Bui = 2 dtd ee Bu 
. = —2 3 SIN — + OG ——— > 
y dya poy yy derdy 
(10.) w=ysing+ersiny ; show that 
d?2 2 
dy dg ne Od Gedy 
(11.) w=sin (xy) ; show that 
d7u d*u 
ae ——-=2 4 {cos (xy) —z?y sin (=F 
XY 
) ape how th 
(12.) « ara show that 
Bu Aw — dtu d*u 
edy (a+ = dz* dzdydz 
d’u _ 2y(z— 42) 4a) _ au 


dadz? (2. at c+ 2) aa dzdadz 
G 
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62 
2 
(13.) uate ; find du, and show that 
du, ty du 
dydz (a@+y)® drdy 
show that 


(14.) w= {(a—2)?+(b—y)?+(c—2)*} I; 
d*u  d*u d?u __ 
dx? dy*  dz® 
-1 2 : find du, and show that 
du 1 _ du 
dydx yi(2a@—y)2? dady 
ey. 
) wcsin7) bow that 
(16.) w=sin Bag show tha 


(15.) u=sin 





d?u  2(¢?—y*) du 


2 
tay py yd EPP dedy 


CHAPTER IX. 


EULERS THEOREM FOR THE INTEGRATION OF HOMOGENEOUS 
FUNCTIONS OF ANY NUMBER OF VARIABLES. 


If u be a homogeneous algebraic function of m dimensions 


of any number of variables z, y, z, &c., then 


du, du te 

Wis dy de Cc, = Nu. 

44 44 

tty 1 

Ex. (1.) “= Pare ’ here n= — 5: 
(ct+y)-$2-4—(et+y3) du_(x+y)-4y7t—(at+y)) 


du 
dz (e+y)? dy (@+y? 
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_ git, gt Mer vat —(oh+Pet Yotayt—(ht dy 


cern 


"da “dy (x+y)? 


_e+y)—@+ yh _-aGtivy__ 
a+y e+y 2 








(2.) wasn! (Z=2)', heren=0. sinuw=—>—) 








1 
rt+y- ——$ — VY 7— yy: 
du Y aay OVety 
cos 4 — == 
dx x+y 
ace eee 
(e+y)VP—y¥ 
cosu= V 1 —sin?u= pies 2y j 
atYy Vary 


du y 
de V2y(ety)Va-y 
i 
dy V2y(et+y)Va—y 
du du xy —xLY 
mae Wage ey 
(3.) u=Ve+y?; here n=1. 
du du _ 9 atu d7u ee 
ie iy eaeta Tat? 
(4.) u=(r+y+2)?; here n=2. 
ott d du 


27 
© le da! dy * de =2u. 


gry? du du 
~— ; here n=3. c— 





Similarly 
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CHAPTER X. 


ELIMINATION OF CONSTANTS AND FUNCTIONS BY 
DIFFERENTIATION. 


Ex. (1.) Let y—az?+l=0; eliminate the constants a@ and 0. 


dy _d dy 1 
— —Jar= 
rE aa de 2a 
Substituting this value of @ in the given equation, 
y— aan b=0, an equation from which a is eliminated. 
G 


sesed . @ 
To eliminate 4, take the equation “= 2as, and proceed 


to the second differential coefficient. 


d2y dy 1 
Wee But oT Oe 
~Y _ dy 1 





an equation from which a and & are 


¢ 


“de dx ax 
both eliminated. 


(2.) y2—ar—bz?=0 ; eliminate a and b. 


ip 
24 a+ 2be, andy —2be. eerie © 3 
dx 
Differentiating — we have 
d*y dy : dy  sdyy? 
oy 442.9% a, bay 5+(4) - ... (3) 


Substituting from (1), (2), the values of @ and J in the 
given — there results 


dty (2), 


y=? ny —gy — oe ae an equation from 


which @ and ; are eliminated. 
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ay 5g UY 


(3.) If y=asing+6 sin2z ; aA Tat tY y=. 


d2y 


dy _ \/ 
den? cosz-+ 2b cos2z, a —asinx—Ab sin2z, 


3 
= —acosz—8b cos2z, 


d4y 
=e sing +160 sin22, 


d4y _d? 
2 J J oe 
pt 5a sing—200 sin22, “oat 5 Fatty=0. 


4y=4asine+4b sine. 


(4.) y=2"+ace™ ; eliminate a. 


dy _ —] mx ° ee dy =) 
aoe +ame™, sam (= na” 






Substituting this value of a in the given equation, 
_ dy 4 1 _ dy - 
dy —my =n2) —ma*=(n—mz)x""!. 
da 
wae ot (2 22 Fe 
(5.) Ifz=af(“)+o(y)3 #? +3 


Y dy? 


First, consider y constant, and differentiate with respect to «. 
wa=t (er CG) +s () +09'@o) 
=— “9 (€)+¢(2) +99), 
ma H(-Sr Ov OB) ar Oven 


= 7"(2) +979"). 
G 2 
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Again, xf (“) +¢(xy). Consider x constant, and differen- 


tiate with respect to y. 


nae (\+ey'@r)=s (+9, 


es =7t'G) +9" 


owl (2) +79") 
eo a (=) + a2y?9" (zy). 


od*z dz 
Hence x? —y* Tr =U; 
(6.) Let y=mz? ; eliminate the constant m, and show that 


dy 
3sy= mae 


(7.) Let y=~V mar +n; eliminate m and n, and show that 


da 
(8.) Let a+c(cx—y)=0 ; eliminate c, and show that 
ayy". 


dy 
Lae aoe (Gs) 


(9.) Let hay y =< ; eliminate the constants a and J, 


d2 d 
and show that vy <at ie y7_=0. 


(10.) Let (a—1) (a@+y)—zy+a=0; eliminate a, and 
show that Ptytl+(e+atl) Lao. 
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(11.) Let ctanmar —ysecmx +a=0; eliminate a and ¢, 


2 

and show that <= —m*y. . 

(12.) Let y=e* cosz ; eliminate the circular and exponen- 

: dy 1 d?y 

tial functions, and show that ae ama 

(13.) Let y=ncos(rx+a) ; eliminate a and n, and show 

dy ; 

that 7 me 

(14.) Let y=sin ne i ; eliminate the functions, and 
show that eos y=0. 

(15.) Let y= ae* “— b); eliminate a and 0, and 
show that = =e “+ l3y=0. 


(16.) Let (2—2)?+(y— sah eliminate a and 3, and 


ca 


show that (ay 
dt 


e* + e* ee ‘ 
(17.) Let Ue eee eliminate “the exponentials, and 








show that y=l— ve 
(18.) Le 
function ¢, and show that - ms. 
wi dy 
(19.) Let empl ; eliminate the function ¢, and show 


dz dz 
that Tt ayt = =(. 
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(20.) Let enya gd; eliminate the function ¢, and 


dz dz 
show that es a ae at 
CHAPTER XI. 


MAXIMA AND MINIMA. 
FUNCTIONS OF TWO OR MORE VARIABLES. 


If « be a function of two variables x and y, then putting 
du _ du_o 7 d*u ( d2u ): d7u and d?u 
dx’ dy’ dat dy2~ \dydx)’ dat dy? 
having both the same algebraic sign, u will be a maximum 
when that sign is negutive, and a minimum when it is 
positive. 

If, on substituting the particular values of 2 and y, de- 
termined by putting a =0, a in the second differen- 
tial coefficients, these should vanish, then the third diffe- 
rential coefficients must also vanish, or the function will not 
be a maximum or minimum. 

du du 
If u=/f(z, y, z), then we must put ‘Pie ae 
- = 0, and we must have the condition fulfilled that 
d?u du du \? d7u d7u d2y \? 
{aa ye — (soap) | (Gee ap — (Gees) ferent 
(a d’u— d®u du ) 
dydz dx* dudy dxdz 


0, 
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Ex. (1.) Let u=a4+44—4azxy’ ; find # and y when u is 
@& maximum or minimum. 
Differentiate, first considering y constant, and then 
x constant. 
du du 
—=4y5—4ay= —=4y— = 
ae 443—Aay?=0, a 443—8axry=0, 
. Paay?, y*=2 az, B= 2 ax, x= 2 a2, 
nomtaVv?2, y=lae/2=a' V8, ny=aV8. 
d*u 
Ae =127°=24 a?, 


2 
Gun lty Sarma VB— 808 /2=16aV2, 


du 4 
nae Say 8a2V/8, 
dy d*u_ du 


ah iy” dady’ and since the algebraic sign of 


i and = is positive, v= -ka J, and y=a+ v8, give 
“= & minimum. 
If we take the values 7=0, y=0, then * =0, and 
= and also the third differential coefficients 
T*=%4e=0, Taney, 


Hence also 7=0, y=0, give w= a mininium. 
(2.) To determine the greatest right cone that can be cut 
out of a given oblate spheroid. 
Let ABDE be the ellipse which generates the spheroid, 
a, b its semi-axes, CV=2, VNP=y= radius of base of cone. 
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b2 Bp 
Then y= (a? — zx”), equation to 
ellipse ; and a 
‘+ altitude of cone =AV=a-+2, 
and +7"*= area of base, = 


.. its volume v= ry. (a+ 2), a maximum, 
“¥y*,. (a+x)= a maximum, 


dy dy 1 
9 es 2 oa SS eres 
I Oe ae ai dx 2(a +2) 
a dy = : : ~/ a =z. But, differentiating the 


dc 2(at+ Qa+ez) a 
equation to the ellipse, yaev a*—zx?, we have 


dy _ b x 
dx a Vat—x 
Ve x 


" 2(at+2) al pee oa: 


a > 07% 8a? 8 

@a—zr=22, ae =a go 
1 8 4a 32 

=— ry”. = 97 2.—_-= 2. 

Hence ov 57Y (a+ 2) ah 5 g 7 


(3.) Let u=at+y—2(r—y)? ; a the values of z and y 
which render uv a maximum or minimum. 


du 


Fe —=42—4(«c—y)=0, “ B—(r—y)=0, 
du 
7 oe a a =0, p+ (e—y)=), 
234 pA=—0, 2 —y—2(«—y)=0, 
= — x, f= —Y, 23+ 2—2(e+2)=0, 
222=4 2, at=2, hast V2, y= v2. 
d*u d*u 

=1227—4=—24—4=20, —=12y?—4=24—4=20, 


dz? dy" 
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Tin. ae Ce ae. and since the 
dzdy dat dy?” dady 


algebraic sign of ae and = ; is positive, 


2 @=tV2, andy=7vV2, give w= a minimum. 
(4.) Let u=a{sing+siny+sin(z+y)}; show that u isa 
maximum when r=y=60°. 


Ta {cos +-c0s(z-+y)} =O, T= a { cosy +008(¢+)} =0, 


“.2=y, cosxr+cos(«+y)=cos2z+cos2z 


= cosa + 2.cos*r—1=0, 


cosPa-+-5 cones: ae cosa=5» x= 60°=y. 

du oer 

qa at sine —sin (e+ y)} = —a {sin 60 + sin 120} 

= —a\* AL erect 
2 J 

d2 . F J3 

a ae 3, 
d7u : /3 
———=af{ —s =—asin2g¢= — =—a-——» 
jay sin(v+y)} = —asinlz=—asinl20=—a 5 


d7u d*u_ du d74 
ne —_ 6 = — = d 
7 Feb? dedu iy and -; the algebraic sign of — an 


3a : 
dy 3 is negative, (te, /3= a maximum. 


(5.) A cistern, which is to contain a certain quantity of 
water, is to be constructed in the form of a rectangular 
parallelopipedon ; determine its form, so that the smallest 
possible expense shall be incurred in lining its internal 
surface. 
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Let a? = its content, #= length, y= breadth, then 


(Ht 


a? 
— = depth. 
ry p 


a 
“surface =u=ry+2 ~t? a @ minimum. = 
. du_, 2a3 du a8 — 
“ae! ga” ay Op 


J ry=ary’, Ly, x?y= B= 2 3, aya Da. 
—=—— =: Hence the base must be a square, 


and the depth equal to half the length or breadth. 


Pu _4a®_4a3 dy du 
gain —, =? —= a ae 
a di? a3 Fas” dy? 2, du dy 


Hence z is a minimum. 


_ dtu o> du i 
* da* dy?” \dudy 
(6.) Ina given circle to inscribe a triangle whose peri- 


meter shall be the greatest possible. s 


Let r be the radius, and 6 and 9 two of IN 
the angles of the triangle; draw BD 1 “ M6 
AC’ the base: then, Kuc. B. 6. prop. C, J 


BD , 
c-a=xBD-2r, “Gmar-——=2r sing, 


c sin sin . 
—= 2, nem! y a=2rsing, 
a sind sin @ 


6 sn’ sin(r—B)_ sin(o+ ¢) 


—_——— eee 
ee acomrces anomie — 


a sing sin 0 sin @ 


sin(0+ 9) 


v= ag 


-a=2r sin(9+4¢), 
Hence u=a+c+b=2r{sind+sing+sin(6+¢)}, 


Tr {c020-+ cos(0+4)}=0, 
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T=" {cosp + 005(6+ 6)} =0, 
“. COSO=cos¢, 6=4, 6+9=26, 


”.cos0+cos20=0, cos6 + 2cos?@—1=0, 
1 1 1 
2 _ ——) Sa — ae =60°=9¢. 
COs +5 cosd=5 cosé 5 6=60°=¢ 
Hence the 28 are all equal, and the A is equilateral. 
du ; : : : 
geo” | — in 8 — sin (8 + 9) } = —2r {sin 60+ sin 120} 
= —Ir/3, 
j2 
Gann { sing —sin(0-+9)} = —2r V3, 
au : hae J3 
it a a 2 a ieee tas —rVv/3, 
_ atu du jo, ‘a d= it d2u 
ae? dg?’ di? dg?” dodo 


Hence the perimeter is a maximum. 


(7.) To determine the least polygon that can be described 
about a given circle. 

Let 0,, 43, 65,--.0,, be the successive angles contained 
between the lines from the centre to the angular points of 
the polygon and the radii of the circle ; then if the radius 
be r, and the first of those lines be Z, the area of the right- 


angled triangle whose angle at the centre is 0, will be 


Gere 1 : r 
5 7tsin 8 =57.7 sec8,. sin 6, =-5 tan, ; 
and similarly of all the n triangles successively, into which 
the polygon may be supposed to be divided ; so that the 


entire area of the polygon will be 
2 
= (tan é, + tan 6, + tan 0, + ... +tand,). 


H 
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But tan@, = —tan { 2r—(0,+6,+..+6,.;)} = —tan(27—4,), 
where ¢,=6,+0,+ ... +641. 
-. u=tan 6, + tan6,+tan6,+ ..—tan(2r—¢,), a min. 
Now, differentiating with respect to 6,, considering the 
others constant, and remembering that 6, is contained in ¢,, 
the assumed sum of the series, we have 


d 
<= 800, —s00%(2n—$,)=0, “. 0, =27—g,=6,. 
1 


And similarly, any one of the angles is equal to the angle 
immediately preceding ; hence all the angles are equal, and 
the polygon is consequently equilateral. 

(8.) Of all triangular pyramids of a given base and alti- 
tude, to find that which has the least surface. 

Let a, b, c be the sides of the base, 4 the 
altitude of the pyramid, 6, 9g, W, the inclina- 
tion of the faces to the base. : 

Then, if p be a perpendicular from the ver- 


u 


e s h h 
tex on the side a, sinf=-, /.p=—=h cosecd, 
sind 


1 l 
area of face =5ap= au cosec 6, 


I I 1 
.. area of the three faces= gh cosecO + 3th cosecd + 5th coseci, 


u=sh(a cosecO-+-) cosec¢+ccosecy)........ (1). 


Also, the base of the pyramid may be divided into three 
triangles whose altitudes are readily determined ; 
a0 


7 Larry) “. —=cotd, 3, altitude a@0=A tan 6, 
aQ h 


.. area AA 0C=sa. a0=5ah cot 8, 
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“. area bave= 5a cot8-+5 bh cotg+aeh coty, 
and putting this area =m, we have 
m= (acot6+beote+ccoty) ..... (2). 


cee a me kdl 
From ie 167 3\ a cosec 8 cot 6 ¢ cones yf ooby) 75 ==0, 


du ih 
dp =5|— neice a 


2. a cosec 0 cot 0= —c cosec y soon” 76 


dy 


b cosecg cot ¢ = — c cosec yp cot Vas 


dy dp dl 
a a rT de’ 
ay ay dy 
OCC ge en ag ae 
| db a 
a ar Fa aeca T svc wt (9): 


2m? 
From (2), = =a cot 6+ b cote+ccoty, 
2 
c coy —acotd—b cot¢, 
—c(1+cot*y) wma (1 + cot?9), 


—c(1+cot?y) a (1+cot*), 





_ dy a@cosec?9 
ee ee Suietitute-thess waluse’ 
F dy esses ubstitute these values in (3). 





do ~~ ¢ cosectyp 


16 MAXIMA AND MINIMA. 





a cosec@ cot 6. = soci rey cosec¢ cot¢- os 
sec*y c cosec*y) 


.. cot d cosec = cot ¢ cosec O, 


cond 2 COSG Le 





'. O=@. 


Similar - by finding the partial differential coefficients 
du du 
do dy 
shown that 6=). 


Hence 6=¢=y, or the faces are equally inclined to the 


—-» considering first y and then @ constant, it may be 


base. 

(9.) Required the dimensions of an open cylindrical vessel 
of given capacity, so that the smallest possible quantity of 
metal shall be used in its construction, the thickness of the 
side and base being already determined upon. 

Let a be the given thickness, c the given capacity, 
x=radius of base inside, y=altitude inside. Then 

Whole volume v=x (x+a)*?-(y+a), 

Interior volume c=r27y, hence the quantity of metal 

V—c=7 («+a)?-(y+a)—c=a minimum, 
*. (e+a)-(y4+a)=a minimum. 
dy__ ya) 


CEO E STEEN, Sa, 
Z a 

ee a en ee 

ee oe “da or a " e+a” woe 


Whence r=y= (*)* Therefore the altitude must be 


made equal to the radius of the base. 


TWO OR MORE VARIABLES. 17 


(10.) w=a5—3ary+y' ; find the values of # and y which 

render « & maximum or minimum. 
g=0, y=a, u=a minimum when a is positive, 
and a maximum when a is negative. 

(11.) w=az3—bx*y+y?; find the values of z and y which 
make uw a maximum or minimum. 

(12.) uxaaty?— gy? z3y3 ; find the values of # and y 
which make uw a maximum or minimum. 


_@ a __ af = 
came i Y=3’ u=739 & maximum. 
a b a+y 
A rel AR eae fa hs f 
(13.) u (1 P 7) ( : i find the values of x 


and y which render w a maximum or minimum. 


14.) w==acos*x +b cosy, where = 4g; find the values 
y 











4 
of cosz and cosy which make w a maximum or minimum. 
1 a " 
cos*4=— + —~——» cos?y==— <b , 
2 2Va?+l 2 2Va*+l 


w=; (a+b6+ Va?+0?), a maximum with the upper, and 


& minimum with the lower sign. 


(15.) Divide a given number a into three such parts 2, y, 
and z, that ote += shall be a maximum or minimum, 
and determine which it is. 


(16.) Inscribe the greatest triangle within a given circle. 
The triangle is equilateral. 

(17.) A given sphere is to be formed into a solid composed 
of two equal cones on opposite sides of a common base, in 
such a manner that its surface may be the least possible : 
find the dimensions of the solid, and compare its surface 
with that of the sphere. 

H 2 
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(18.) Show that the greatest polygon that can be inscribed 
in a given circle is a regular polygon. 

(19.) In agiven ellipsoid, whose equation is = a a 7 5 = =], 
to inscribe the greatest parallelopipedon. 

If x, y, « be the half-edges of the parallelopipedon, 
t= . ae pester pe ae 
3/3 V3 33 

(20.) To find a point P within a given triangle, from 
which, if lines be drawn to the angular points, the sum of 
their squares shall be a minimum. 

If A, B, C be the angles, a, b, ¢ the sides of the triangle ; 


then OP =; (202420). 


The point is the centre of gravity of the triangle. 
(21.) Divide the quadrant of a circle into three parts, 
such that the sum of the products of the sines of every two 
shall be a maximum or minimum, and determine which it is. 


CHAPTER XII. 
TANGENTS, NORMALS, AND ASYMPTOTES TO CURVES. 
If y=/ (x) be the equation to a curve, | 
y— y=2 (z’—z) is the equation to a tangent. 
If lags (2, a be the equation to the curve, 


“ ~ (a — —2) +o mat y’ —y)=0 is the equation to the tangent. 
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The equations to the normal are 


; dx, d. d 
y-y=— 7, 0-2), ond FY) —F e—2)=0. 
lon? dy? 
The t = a/ ped ’ = ——a 9 
e tangent=y 1+(- A Normal=y 1+(“ | 
Subtangent =? le Sub al = ay 
ge 9 ag ubnormal =y— 


The portion of the axis of y intercepted between the 


origin and the tangent is y—x yy, 


The portion of the axis of x so intercepted is x— yEa 
Ex. (1.) Draw a tangent and normal to a given joint P 


in the comimon or conical parabola. 


y*?= 4a is the equation to the curve, 


dy dy 2a 
24 a =4 es —_—=— e 
Vig dey 
yen i y | Ard N G 
NT=y— =2 
Subtangent V7'= ; La =5,=2t 


Hence to draw the tangent, let fall the perpendicular PX, 
take NT=2 AN, and join PT; PT will be the tangent. 


Subnormal VG=y ow Ja. 


Hence to draw the normal, take V@G=2.AS, and join PG ; 
PG will be the normal. 

(2.) Let y"=a*"!xz be the equation to a curve ; find the 
subnormal and subtangent. 


dy « dy a®- 1 
+ Tae Gn dames n-l a 
ny “de =e * da ny" nyt 
n 
yar! qn-t x y* 


dy -_ ess = 
Subnormal NG=y = ie ny \ ny? ny? ng 


80 TANGENTS, NORMALS, AND 


Subtangent V7'=y a= as i= =" ane. 
ry 


Ifn=2, y?=a2, NG=5 NT=22, and the curve is a 


parabola. 
(3.) Let u=a5—3ary+4=0 be the equation to a curve ; 
determine the subtangent. 


ee 3ay—Sax 24 3,840, 





dx 
dy _ Se, 
i (y°—ax) 7 ay —2, ag as 
dx _f ae axy 
.. Subtangent V7=y — a ae 


(4.) If y2=4a(x+a) be the equation to a parabola, the 
origin in the focus ; show that the points of intersection of 
the tangents with perpendiculars from the focus are deter- 


mined by the equations x==—a, y= - 


S the focus, AS=a, SNV=a2, AN=x+a, NP=y, 





y’=4a(a+a) ... (1), eq. to curve, 
d 
y—y= h(a, —2) . (2), eq”. to tan., 
as A SN 
Cae dood hale (3), eq". to ppdr. ae origin, 
_ ds dy dy 
.. by subtraction, y= — oo dnt t de® ge ens hs as (4). 
“78 day y y 
(1 a 7. dy a se Be daaey ca PL 
dy “ _dy : Gomis 
(4) ( at i) * =a: -- by substitution 
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Q 
(F +H) == — (GE -«) -# 





4a?+7? y_ 2a 2a 4a24 92 
2ay ' 2 y I= yo (2 2y ‘ 
ré nF v,=—=-——-a, 

a 
dx 
et gama a 


(5.) The equation x”y"=a, which includes the common 
hyperbola, is said to belong to hyperbolas of all orders. Find 


the subtangent at a given point in the curve. 





a 
an == —s 
dx any? an dx an 
Ne as Se Sa me 
y yf" dy maum—hey 


-.Subtan, WPayS=— "2 4 gma By 
ry mM y” ma™ m 
(6.) Given two points A and £, find the locus of P when 
the angle PBA is double of the angle PAB, and draw an 
asymptote to the curve traced by P. 


A the origin, AB=a, AN=a, NP=y, A=0, B=20. 


PN y PN Y 2 tan 0 
—_ == — = B= 9 A=——_—__ 
AN «& mene BN a-—« wee 1 —tan29 
P 
9.7 
y «@ 2a 
a—x y ey" 
1— a BNO A 
.. y2=32"—2az, the equation to the curve. 


2 
Whence, if y=0, a= 5a, and taking 40= 348, the 


curve will pass through 0. 


82 TANGENTS, NORMALS, AND 


The origin may be changed to O by putting 7,=ON, and 
substituting the resulting value of x in the equation to the 





Ja\t 
curve ; whence y=ate (34 ai 
1 yl 
571) 
wx ta, (344 1.374.289 (371) 2h (22) Pg) 
y=te St 5-3 s—3 ( &e. 
2 D 
=+3te+ => > —F ke. 
3h 2.382 a 
y=ta/3+ aA is the equation to the asymptote 
a a 
If <=0, Vin ee if y=0, =p) 
J 3 q J ame 
a ow 3=tan 60°, and the asymptote cuts the axis of 


at an Z of 60°, and at a distance = 5 from the point 0. 


a 


7.) If y= be the equation to a curve ; find the 





equation to the ae 
2a 2a? 
pus (—=*\ =a? (1424-5 an tc.) 





y= +0(14 2454 &e.) 


*. y= (x+2) is the equation to two asymptotes, and -: 
if x=0, y=a, .. an asymptote cuts the axis of y at the 
distance a from the origin; and °; if y=0, v=—a, .. an 
asymptote cuts the axis of z at the distance —a from the 
origin. 

Again *; a +1 =tan 45° or tan 135°, ©. these asymp- 
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totes cut the axes at an angle of 45°, and are consequently 
at right-angles to each other. 
Putting «=a in the equation to the curve, we have 


» 2d VI 
SQ 89a" 
*. there is another asymptote parallel to the axis of y. 
(8.) If y—2=(a—1)Va—2 be the equation to a curve ; 
find the point and angle at which the curve cuts the axis 
of x, and the values of x and y when the tangent is perpen- 
cular to that axis. 


Ifz=0, y—-2=— / 3, yd ad: 
If y=0, (a—1)V¥a2—-2=—2, (a?—2a+1) (x—2)=4, 
eB—4e24 52—6=0, 
x —3 42-9? + 32+22—6=0, 
ee (2—3) +42 (x—3)=0, a0 Cas0. 


ou w—1l+2x2—4 32—5 


—_= ] c—2=— = ——_——. 
a Vea 2V 2x 2V4—2 2/a2—2 

: 9—5 4 
Hence, if «=3, Dosage tb tas and the 


curve cuts the axis of x at a distance 3 from the origin, and 
at an angle whose tangent is 2. 
Again, ifa=2, Vvz—2=0, -. y—2=0, y=2, 
4 == sw when z=2. 

Hence the tangent cuts the axis of x at an angle of 90°, 
or it is perpendicular to that axis when a=2 and y=2. 

(9.) If from any point P in an ellipse a straight line be 
drawn to the centre making an angle @ with the normal, 
and if 72 be the inclination of the normal to the axis major ; 
tan (a? —J?) 
a+ tan 





show that tand= 
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Let CA=a, CB=b, CN=2, NP=y, * 
Z CPG=86, CéEP=1. Ay T 


2 2a 
yo (a?— a”) — b? — ale eq”. to ellipse. eee 


b2 i? 
NG=-, = N= by a property of the ellipse, 


y ary 
tanl==-—— = Se, 
yor a bx 
ae 
y 6 b? 
a2 =~ tan/, also “=tan PCN=-; tan/, 
Ho; x a 


6=CPG=PGN— PCH, 


vr ¥ tan y GN — tan L CN 
tané=tan (PG.V— PC: Ty tan PON. tan PCN 


U2 
tanCGP—tan PCY Se a2 aa 


— 


1 4tanCGP. tan LC) 





l +tané.- S “3 tan! 


atanl—i*tanl tan! (a?—¢ » 
=? e+e .tanl ~ a? +02. tan? oT 
(10.) From the centre C' of a circle a radius C2 is drawn 
cutting the chord BD in M, JP is drawn at right-angles to 
BD and equal to MR; determine the locus of /?, and draw 
the asymptotes. 
Let BD, CO be the co-ordinate axes, 
A the origin, 
CR=a, CA=c, AM=x, MP=y. Then 
MP=MR=CR—CM 
=COR—/CA?+AM?, or 
y=a—Vc+22, the equation required. 
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If z==0, yea—c=CR—CA=CO—CA=AO0. 
If y=0, a= Va? —cl= SCF? — CA? 
= V(CF+ CA) (CF—C4)= V AF. A0= VAD, 
.. ex AD or AB. 


If go, y=—o. Hence the curve passes from O 
through B and JD to infinity. 


To determine the direction of the tangents at these three 





; dy x ; 
oints; —-=tand= > ——=0 ifx=0, -. at O the 
. dex Vee 
tangent is parallel to the axis of x. 
V/ q?— 
*Y _ tend si Sc ER ie ce which 
dix Ws Ya g / CA24 AD? a 


determines the direction of the tangents at D and B. 

Again, putting 7,= ON=CO—CN=a—(c+y), we have 
y=a—c—x,; and putting y = VP=2; and substituting 
these values of « and y in the equation to the curve, the 
origin will be transferred to 0. Thus 

a—c—x,=a—vVcr4+y7?, Veep yt=c+a,, 
c+ y2%=c?+2cx,+ 0,2, 
.. y2=2cx,4+2,7, which is the equation to the rectangular 
hyperbola. 
To find the equation to its asymptotes, 


y= (2? + 2 ca) =. 
1 2 —) ) 
= +} (ert +3(2")" §(Qex)+4 a (x?) (2 ca)? + de. j 
ce D 
=t{e+o— 92. we = to. 
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“ y= (xtc) is the equation to the two asymptotes; 
and -; putting y=0, we have e=—c, and 
putting c=0, we have y= tc ; also 

dy 

“> 

at 2s=45° and 315°, at the distance —c from the origin 0. 

Take O7=C'dA, and draw the lines 78, 7S, at 2 8=45? 
an 315° respectively, these will be the asymptotes. 


(11.) The normal to the curve whose equation is y= 4a, 


—=xtangd=+1; ~. the asymptotes cut the axis OF 


‘ 4 ¥ 
is a tangent to the curve defined by y7=)— (x—2a)*. 
Jia 


dy 2u . YU 
ypotar dey N—-IF— TF (.r,—.r), eq". to normal, 
y r+ 2a 
= S rg ity (= Z —).. Let #,=0, then 





senna tieia cut off from axis of 2. 








y= (x—2a)*, 2 logy=log _ +3 log (x—2u), 
dy ] dx. 
dx y x—2a y dy 3 Ae); 
d 
x y Rae ZK) == = part cut off from 


axis of 2°. 
Hence, that the normal and tangent may cut the axis of 
x at the same point, we must have the equation 
x+4a 
3 
But, the angles they make with the axis of x ought to be 


=2r+2a, . Xx=dbr4+2a. 





the same, and since 
dx Y, dy 3 y_ 


dy 2a’ ane dx 2 x—2a 
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43 _y y?_ 4a Sy? 4 
"9a 2 x—2a a aa (x—2ay 3a oe) 
.. 3a=x—2a, x= 32+2a, the same as before. 


Hence, the normal and tangent, cutting the axis of x in 
the same point and at the same angle, must be coincident. 

(12.) In the curve defined by y>=az?+.23 prove that the 
portion of the axis of y intercepted between the origin and 


the tangent = 5°( sa y 














a+xz 

oly _ WY 2ax+3a" 

tee dy _ Pree _ 8 — 2ar?— 3.25 
tDepmy-atlay- aaa 

_3 (y?—23)—Jaa? _ aa? _a a? 

3y? By? 3 (ax? + 25)\8 
_a wv a a _a ( x )' 
3 {(at+-c)22}% 3 (atz)bat 3 \at+e 


(13.) If yt =ab—at ; draw a tangent to the curve, and 
show that the part of the tangent intercepted between the 


e 3 | ee 
axes =a, and that perpendicular on tangent = v «ry. 


yiaat—at, ab ad yf, Y og 

9 o | 

a a | On 75, 

3 dec 3 da er 7, A * 


ec or —wi y= —ys (a8 — yk) = y—aby3- 
Ce 


t 1 
ef AD=y—a—=abys. 
¥s 


7 
= — (y8+28)= —wvitak, 
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Now DT?=AD?+ AT?=at yt + at stat (yt + xt) 





=at.a#=a?, 
:. DT =a= part of tan. intercepted between the axes, 
FD AD AD? atyé 
in —- =? = -— = —aty%. 
Sep pr pn ge 


AF?=AD°—FD=at yt —at b= ab yf (a8 —y8) = ab yh 
-, AF=abatyt= length of perpendicular on tangent. 

(14.) Suppose a rigid rod BP slides along the line wz in 
such a manner that its extremity P shall 
be constantly in a given curve whose equa- 
tion is y=/(.r), and let BQ be an nth part 4 
of BP; determine the equation to the locus 
of 9. 

Let BP=a, AV=2z, NP=y, AM=2x,, MQ=y,. Then 

MQ: NP: BQ: BP, o yntyti—ta, 


n 





1 1 
vs j= oT) 
But AV=AM—NM=AM—(NB—MB)=2,—(nMB—MB) 
=2,—(n—1) MB=r,—(n—1) ats —y?, 


1 n=) pe 
yen fla Var—n2y2 
A= I ( n Ah 








i the equation required. 

(15.) Determine the subtangent to the curve of which the 
normal = 2a?-(abscissa)’. 

Let x be its abscissa, y its ordinate. Then 

d ; 

++ Normal PG=y oo OY OY Bata an equation 
y? _ aad 
2° 2 
“. y=az? is the equation to the curve. 


5] 


evidently derivable by differentiation from 
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2 2,3 
Now °: BY ee 2g OF 2; 
dey au? dy ax 
de ar eB 
*, Subt EN Tyg ee, 
oe “Ly Zac 2 


The equation to the curve may be put into the form 


] 
ae y, therefore the curve is a parabola, whose parameter 


. 1 . 
1s t and whose line of abscisss is perpendicular to the hori- 


zontal axis. 
fr 


(16.) The equation to the catenary is 2y=c (e+e e) ; 
find the length of the normal. 








dy _ e(3 ee = I \_1 : 1 ‘ 

T= (_) +6 * (—) syle —e 4 

Qx Q7 : 27 Qr 

dip ef —24e © dy? ef —2te © 

a ve" oo 
22 x x 

» fir we _A/etsate® J+ eee y 

2 a 


sate ” dy" _,, Y—1,0 
.. normal PG=y Sea +a yay 


(17.) If y*— (a tbe) y?!4 (cer + fu?) y*?— &e.=0 be 
the equation to a curve of nm dimensions, prove that, if each 
ordinate be divided by the corresponding subtangent, the 
sum of the quotients will be a constant quantity. 

Let 7, %, %, +--+ 7, be the values of y which satisfy 


the given equation, and 


8,, 8) %, .... 8, the subtangents corresponding to thes 
values of y; then, by the theory of equations, 
TAM, 66. 7, = 0+ 02, 


12 
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adr, dry, ary le 
de de’ de de 
and, taking the differential expression for the subtangents, 


=bh; 





ride ride _Tyln 
= aD 8. — ran f ry a . ’,= 
dr, ts dr, 
7, dr, Te) dr, rT, ft, 
ecorc™= — 3 wwe Se Omens J o> tine — SS ae 
8 de & de 8, We 
v» 
8, 8, 8, 


(18.) If vgs be the equation to a curve ; 
find the equation to the asymptote. 
Assume y=.r2, then rA—xz42be2= 
Ihe 21:7 bigs os 
ar a a which both become infinite 


when z4=1 or r= 1. 








FH pms 


sp — 4434. 2b2 20 4 aby. 27=0, 


dy 2a°—Ihry 
dc 2 y+ ba? ; 
dy 244 —Dhety 2yA+brPy—2ot 4 2ha2y 
AD= 2 ey SO - a ences 
de Tepe he 2 y3-+ but? 
Piel Mest al ied et —Aha®y+3brry _ bry 
2p+bet ap tbe PE OR? 
ca 
~ Qe28 +b 





(2y' +b2°) = 














» which, when z=1, and consequently 


b , b ] 
r==0, becomes AD= — i= = 7 
2+- 7 


b b ; 
Hence y=2— 3 Y= —t—z are the equations to 
two asymptotes. 
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(19.) Investigate an expression for the subtangent : and 
in the parabola of the n‘t order, whose equation is y=azr", 
find the subtangent and subnormal. 


1 
Subtangent=— 2, subnormal=na222"-, 
n 


2 
(20.) The equation to the ellipse being pas (2a%—a) ; 


find the subtangent and subnormal. 


re. p2 
Subtangent ==", subnormal=- (a—zx). 
a—L a* 


(21.) Prove that ay equals the tangent of the angle at 


which a curve, referred to rectangular co-ordinates, is inclined 
to the axis, 

(22.) y*=a2—.wz? being the equation to the circle, the 
origin at the centre, show that the curve cuts the axis of z 
at an angle of 90°. 

(23.) y?=2axr—2° being the equation to the circle, the 
origin in the circumference, find the subtangent and normal. 


v 


6) aoe 4‘ 
Subtangent=—““—*, normal=a. 
—2 


(24.) If an ordinate VP in an ellipse be produced until it 
meets the tangent, drawn from the extremity of the latus 
rectum, in Z’; prove that the distance of ? from the focus 
is equal to the distance of 7 from the axis of abscisse. 

(25.) In the ellipse, if it be assumed that g=<a cost; 
prove that the equation to the tangent will be 

bz cost++ay sint=ab. 

(26.) Find the locus of the intersection of pairs of tangents 
to an ellipse, the tangents always intersecting each other at 
right angles. oe 4 yP— gq? +l? 
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a 





(27.) y= 


Diocles, tind the equation to the tangent, and show that 
there is an asymptote which cuts the diameter at its extre- 
mity at right-angles. 


aie being the equation to the cissoid of 
alti 


Equation to tan. y,= tora - {(3a—«) 2,—az} - 


(28.) Prove that half the minor axis of an ellipse is a mean 
proportional between the normal and the perpendicular froin 
the centre upon the tangent. 

(29.) In the logarithmic curve, whose equation is y=a’", 
show that the subtangent is equal to the modulus of the 
system whose base is a. 

(30.) Prove that the curve whose subnormal is constant 
is a parabola. 


e € 2 s) 
(31.) In the hyperbola, whose equation is y* =; (Zar +o’), 
it 


b ; 
show that y= + (~+a) is the equation to two asymptotes 


passing through the centre and equally inclined to the axis 
of x. 

(32.) Draw the rectilinear asymptotes of the curve defined 
by y4+2y=a?z", and determine the form of the curve at 
the origin. 

(33.) Let 22~y34+a22=0 be the equation to a curve ; 
a 


3 
(34.) If a=be—c?zy be the equation to a curve ; show 


that y= (<)*. («— —. 


(35.) In the common parabola, whose equation is y?= 4az, 


show that the equation to the asymptote 1s y=ar+ 





) is the equation to the asymptote. 
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find that point at which the angle, made by a straight line 


from the vertex with the curve, is a maximum. 9 
xe=2a. 


(36.) A rectangular hyperbola, and a circle whose radius 
is 2a, have the same centre ; ane the angle of intersection 
of the two curves. Per ane: a . 

(37.) Find that point in an ellipse at which the angle 
contained between the normal and the line drawn to the 
centre is @ maximum. 

(38.) Determine the angle at which the curve, called the 
lemniscata of Bernouilli, whose equation is (y?+.7)* 
= 2a? (2? —y*), cuts the axis of a. 

(39.) If A be the vertex, P and @ corresponding points in 
the cycloid and its generating circle, prove that the tangent 
at P is parallel to the chord AQ. 

(40.) The centre of an ellipse is the vertex of a parabola, 
the axis of the parabola intersects the axis of the ellipse at 
an angle of 90°, and the curves also intersect each other at 
right angles ; show that major axis : minor axis :: “2: 1. 

(41.) If y2=mer+nz’, show that an asymptote cuts the 


axes at points indicated by x= — Bats and j= 
_ Qn 2nt 
(42.) Show that the locus of the intersection of tangents 


to the rectangular hyperbola and perpendiculars upon them 
from the centre is the lemniscata. 
(c +a)? 


(43.) Draw the asymptotes of the curve y?= G =e and 





determine the distance of its minimum ordinate from the 
origin. 
(44.) Find that tangent to a given curve which cuts off 


from the co-ordinate axes the greatest area. 
=22, y=2y. 
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(45.) Draw a tangent to the curve, whose equation is 
m—1 


=ar™, and show that the tangent always cuts from the 
axis of y a portion equal to an mm part of the ordinate at the 
point of contact. 

(46.) If w+ 2—32°=0, show that y= —r+4+1 is the 
equation to the asymptote, and that the maximum ordinate 
is at the point indicated by x=2. 

(47.) If C be the centre of an ellipse, and AP any ordinate, 
and if in VP a point Q be so taken that its distance from C 
shall be equal to .VP ; show that the locus of Q is an ellipse 
whose major axis is the minor axis of the given ellipse. 

(48.) Draw a tangent to the curve whose equation 1s 

ao 
y Te +? 
tote. 

(49.) ABD is a semicircle, centre C’ and diameter AD; 
EF is a chord parallel to AD, CQR a radius cutting ZF in 
Q; QR is bisected in P. Find the locus of P. 

uy=(2y—l) (+ y%)h. 

(50.) Show that the curve, whose equation is 2+alhy 
—axy=0Q, has a rectilinear asymptote at the distance J from 
the origin, and also a parabolic asymptote, whose equation 





» and determine whether the curve has an asymp- 


is ay— : b= («— 5) the latus rectum of the parabola 
being a, and its axis parallel to the axis of y. 

(51.) BAC is a triangle, right-angled at A; a straight rod 
moves through the fixed point C, while one end slides down 
the line BA: show that the curve described by the other 
end is a conchoid whose equation is 27y?=(x#—b)? (a?—2*), 
and determine its subtangent. 
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CHAPTER XIII. 


POLAR CO-ORDINATES. SPIRALS. 


If r=/f(8), or p=/f(r), and was then 


Tangent of angle (¢) contained by radius vector (7) and a 


tangent to the curve, is ansPr anit —uU oe 
dr du 


Perpendicular on tangent, 
ye 














SY=p= eaeaaw 
AJ 72 + dr* 
dd? 
Subtangent S7’=r? *. 
ee ue oe do P ‘ 
jm dt? dr rv x? —p? 
If A=area AVP, cia 
d@ 2 
Ex. (1.) Find the polar equation to the common parabola. 
SP=r, LASP=6@. 
r= DN=2AS4SV=2a4+7r cosPSN =2a—r cosé. 
cos @ : zi Z 
r+r cosd=2a, ee P= op 70 
cos*— 


(2.) The equation to the spiral of Archimedes is r=a6 ; 
find the angle between the radius vector and tangent, and 
the subtangent. 


oy, ee SPy aa! ey ag: 
dO dr a 
do r2 
nt SZ'=1? —=—. 
Subtangent SZ'=1 oa 
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(3.) If r=a(1+cos6), find the equation between p and r. 


1 j os 1 du =a sind 
mata cos a + acos d@ (a+acosé) 


duy?__ a? sin? ——_a?(1 —cos8) 
aa) ~ (a + acosd)* (a+acos6)4 





l 2 
But a ee —Ad, a? cos? 0= — _ ie 
u u Uu 
1 1 
ea sotee — +) a+acos@=-- 
(27 « u 
2Qa 1 
ae duy*? u — aut ent 
6 w+ (sa) =ut+ i = ul + 2aue—ul=—s 
at 
1 Qa 
._—=-—) os as 
PP r P 2 


(4.) The tangents at the vertex and extremity of the 
latus rectum of a conic section intersect ; prove that the 
distance of the point of intersection from the vertex is equal 
to the distance of the focus from the vertex. 

Let A be the vertex, S the focus, and 7’ the point of in- 
tersection. 


6b -—s 
The equation y =- Zaz x? will, by using a 


the negative sign, comprehend all the conic —4\—1+y 
sections excepting the hyperbola; and, by using 
the positive sign, it is the equation to that 
curve. 


Also ¥,—y = (x,—2) is the equation to the tangent. 


Differentiating the assumed equation, st =>, ES 





3 
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and substituting the values of y and wy in the equation to 
a 


the tangent, we have 





ax 
yan V Ieee + ieee t,—~2). 
But at the — x,=0, and oe suppose. Then 
=< / Fann =m? — ME. As 
a V2am=m? 
! oh sent oman ee, 
a 2am= m? 2am m2 
Now a?=1?+4 (am), by a property of the curve, 
.. 2am m=, . TAz=y=m=SA. 


(5.) In the ellipse, if p be the perpendicular from the 


centre on the tangent, and r be the distance of the point in 
a2? 
the curve frem the centre, prove that P=a7 pT . 


Perp' CP=r, £PCN=0, then z=rcosé, y=rsin6; 





are hevelit 
as po | equation to the ellipse. 
_ rcos"0 sin?) ; (250 Se ") —1 
er a ge 
a*b? a*h? 


~ Peos? 0+ a2sind ~ aI — ) cos*0 + a’sin?0 


, 
where 1 —?=-: 
a 








o_o? o 
7  —aecos') ~1—e*cosd 
1 ; du 
1 Wary is 2u = 75 + { —262c0s6(—sin6)} - 
1 _l 2 cos @ sin 8 
ne — at e*cos@ sin 6 } - — 2 pedal sin 
dé u eh V1 — ec08'b 


K 
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pis (S*) = l —e#eos?6 e4cos?6 (1 — cos?) 
dé b? b? (1 —e*cos?6) 
_l- 2 e?cos76 +e e4cos4@ + e4c0s78 —e4cos4 
b2(1 —e2cos?¢) _- 
1 —2 e7cos"6 +- e4cos?0 
a é7(1 —ecos?#) ; 























1 J1—~e%eos?9 2 b?¢ 
panna 5 te, Soepetoi Ws a 29 — 22 
But 3 73 ¢*cos79 = 1 =) e4cos"@ =e 2 
2b? b2 2 b2, 
= = te woe — ~ (e7— 2) 
a a i; 
> 7 
b- 2 Lb? 1 ] b? 
Da ae eae Sta 3) 
= U4 L2 
7 vr? 


i 
9 2 fone 
- re (1+) oe al? 
ah? SOF RR 


(6.) In the ellipse, if A, be the origin, the equation is 


y= @ar—2): let S be the pole, 2A,SP=0, and 
a 


SP=r; show that the equation referred to polar co-ordi- 
a (1 —e?) 


nates 1s =T4 ecosd. 


1 
(7.) The equation to a curve being y=(a™+aa™"1)™ ; 
determine the polar equation, and show that an asymptote 


cuts the axis of abscissz# at an angle of 45°, and at a dis- 
tance = — ~— from the origin of co-ordinates. 
it 


_(8.) In the hyperbola, if S be the pole, the polar equa- 
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Y en 
ion y il payee 


Tages’ if the centre be the pole, the 


b 
v Peost)— 1 
(9.) Show that the polar equation to the lemniscata of 
r3 
5 
(10.) Show that the polar equation to the conchoid of 


polar equation will be r= 





Bernouilli is 7?=2a?cos 26, and that p=+ 


Nicomedes is r=a + 





s th tion bet t le 
Sosg’ the equation between rectangular 


co-ordinates being a?y?=(a+.r)? (b?—2”). 
(11.) Show that the equation r= - 


—7T 





represents two 


polar curves, one having an exterior and the other an interior 
asymptotic circle, and exhibit the general form of the two 
spirals. 

(12.) The polar equation to the cissoid of Diocles is 
r=2atan@sing. Prove this. 


; show that the 


28, 


(13.) The equation to the lituus is 7= 


subtangent =2av¢. 

(14.) In the cardioid r=a (1 —cos@), and if 7, be a radius 
in the direction of 7 produced backwards, r,=a (1+ cos§) : 
show that 29¢=0. 

(15.) If the polar equation to a hyperbola, referred to its 
ec) > show that there are two asymptotes 


intersecting the axis of x at a distance ae from the origin, at 





focus, be r= 


b b 
angles whose tangents are-+— and — - respectively. 


1 
16.) If #=——, 
Oe) / 2ar— 





be the equation to a spiral; show 
D 
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that a circle whose radius is 2a is an asymptote to the 
spiral. 
(17.) If =< and na"=l"; show that the equation 


between the radius vector and perpendicular on tangent is 
_ Fade 
B/G 


CHAPTER XIV. 
SINGULAR POINTS. TRACING OF CURVES. 
A curve 1s convex or concave to the axis according as 
dy eee 
y and a have the same or opposite signs. 


ee 


To determine whether there be a point of contrary flexure, 


dy : 
we put ~“—0 or w ; and if a be one of the values of x so 


dx* 
found, we substitute successively a+h and a—h for x in 
dy , _.d*y ae 
Te’ then if i have opposite signs, there will be a point of 
contrary flexure denoted by r=a. 


CP _o 


At a point of contrary flexure in polar curves ip 


ly O 1... 
If any values of « and y make “/—-, this circumstance 
( 


lc O 
generally indicates a multiple point. 





For a true double point (=) - (=) (=) >0 
For a point of osculation (=) - (=) (=) == 0), 
For a conjugate point (=) (=) (=) <0. 
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; “ eT 
At a cusp, if v=a, - has but one hai and, substituting 


successively a+h and a—h for 7, —> J has two values. 


a 
For the ceratoid or cusp of the first species, the values of 
a’y have opposite signs 
dx? : 
For the ramphoid or cusp of the second species, the values 


of ay have the same si 
dx gn. 


Ex. (1.) If the equation to a curve be yan a +ex4; 


show that the origin is a point of osculation, ascertain if 
there be any maximum ordinate, and determine the general 
form of the curve. 

It is obvious that, by giving x successive positive values 
from 0 to ©, y will have successive positive and negative 
values from 0 to o, consequently there are two similar 
branches extending from the origin to infinity, one branch 
on each side of the axis of x to the right of the axis of y. 

dy 1 Sat+4ex x d2+4e 


Now — =-:- —=:: =—- ——— = 0 when r=0, 
dx a 2/ x4 cat Qa Vate 





Tr 


d 
and «' when «=0, yalso =0, and = has 


two values, one positive and the other ne- 
gative, each =0, therefore the axis of x 1s 
a common tangent to the two infinite branches at the origin ; 
hence the origin is a point of osculation. 





Again °: y=—Va +e; when r=—c, y=0, and while 


x takes successive negative values from 0 to —c, y will take 
successive positive and negative values from 0 to 0 again, 
K 2 
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and therefore to the left of the axis of y there is a loop or 
nodus. 


dy & 3 da+4e 4 
And  —= =0, ..5¢a+4c=0, anda=——e 
dz Qa Vote . +) 
determines the position of the maximum double ordinate ; 
and - a = =tan0=. when r=—c, the tangent at this point 


intersects the axis of x at right-angles. 


Take 4B=c, and draw the tangent 7BiLAB, take 


27/c\i 
AN=5e, and draw the double ordinate Pp == (5). 
( 


which is the value of 2y corresponding to z=— Fe the 


loop will pass through A, P, B, p. 
a 
(2.) Trace the curve, whose equation is y= (ata) ; 
a 
and show that there is an oval between x=0 and r=a; de- 


termine the position of the maximum double ordinate, and 
exhibit the a: of the exterior branch. 


Firstly, y= Bassi Javo— = y 
Let c=0, -. y=0, Take AB=a. 7 
L<a,  yist, Then, °: while Pi 
goa, y=), x increases 
z2>a,  yisimpossible. | from 0 toa, y has positive 


Putting —2 for x, y is impossible. ) and negative values from 
0 to 0 again, .. there 1s 
a maximum ordinate somewhere between A and B, and AB 
is the axis of an oval. 
ee 
2 Va 3 


LY se ae A LY 
pow da pha re Ja 2Vz Wa 
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oe av y PSE -s a= denotes the point where 
the maximum double ordinate cuts the axis of x. 
Secondly, y= - (a+ 2). 

Let c=0, «. y=0, ) Draw BP=2a. Then, 
r<a, yis +, -* while z increases from 
ga, y=2a, 0 to infinity, y has posi- 
L>a, yis +, tive and negative values 
L=0O, yo, from 0 to infinity ; there 


Putting —x for z, yisimpossible. J is a branch above and 
below the axis of x exte- 
rior to the oval. 

No curve exists to the left of the origin. 
(3.) y? (a? +27) =2? (a?—2?) is the equation to a curve ; 

trace it, determine the angles at which it cuts the axis of z, 

and find its maximum ordinate. ~ 


—_ PY ee 
em a? + x 


If c=0, then y=0 Put —z for x, then 
L< A, yispossible+ ifa#=0, y=0 
t=d, y=0 <a, y is possible = 
x >a, y is impossible. “2=a, y=0 


x>a, y is impossible. 
Take 4B=a, Ab=-—a, in the axis of z, and the curve 
will pass through the points 4, B, 0. 
And :; when x>a, y is impossible, the curve cannot 
extend beyond 3B, 0. 


dy _ (a? +a”) (— — 2x) — (a? — x?) (227) (22) a 
Now 2y 7 (tae tohpal 22. 
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dy —a@A—s—a23 + 25+ ate—ad 
rc 
_ ae —2arB— x 
+p 
_ dvd (e422 a(at—2a%?—sl)  at—2a®a?—a4 © 
dee (@—2yh (a? + x)? ~ (a2+22)8 (a2— a2) yh 


and putting =0 and +a in this expression, we have 

















] 4 4 
OO ee ea =o + ] =tan 45° or tan 135°. 
dz (a?)3 (a?)8 
9,4 
— A o =tan 90° 
(2a?)3 (0) 


.. the two tangents at the point A are inclined to the 
axis of x at 4s=45° and 135° respectively, and the tangents 
at B and b are L to the axis of z: ~~. the point A is a 


double point. 


2 4? 
To find the greatest ordinate, y=2- a/ ay a max. 


a* +x 
du aA 202 at © 
de (a2—2)} (2+ a2)3 
$2224+a=2a4, 24a V2?, gaz tan/ /2—1. 
— the greatest ordinate cuts the axis of x at points 


denoted by e=ar/ /9—1 and ~ar/ /2—1, and the 
length of this ordinate may be ascertained by substituting 


=0, ae iA — 2a%a?—at=0, 











these values of 2 in the equation to the curve. Thus 
TE, art—u2J/9 /2+a* . 
=ar/ /2—1- AJ 
. v a? +a? 2/3 — a2 2— 


——— Qa2— /2-a? 
= /2—1- SS 
an/ /2 a2 


—ar/ J9—1-/ /2—1=a(V9—1) 
=MP, MP,, mp, mp,. 
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atx 
J)ify= 
(4.) If y Z+e 


flexure when 2=0 and a3, that the curve cuts the axis 
of z at an angle of 45°, that the axis of x is an asymptote to 
the two infinite branches, and that there are maximum or- 





» show that there are points of contrary 


dinates when r= +a and —a. 


—a*x 
Let r=0, -. y=0 Put —vz for x, then y=- 





a? + gt 


L<a,  yis + Let r=0, -. y=0 


a e 
t=, I=5 t<a, ¥Y¥sb— 
P a 
r>a, yis + v==a, y= =o 
go, y=0. Z>a, yis — 


L=0O, y=l. 
Take AB=a, Ab=—a, and draw 
the ordinates BQ, bq, equal to sand — = ‘ 
respectively, the curve will pass 
through the points A, Q, ¢,, its right- 
hand branch being above the axis of x, and its left-hand 
branch below it, the two branches meeting that axis again 





only at an infinite distance from the origin A... the axis 
of 2 is an asymptote to the two infinite branches. 


dy (a?+a*)a?’—a*r-27 a? (a?—2*) 


Na RP EP 
d®y (a?+2°)?.(—2aa)—a?(a?—2*)-2(a?+.27)-2¢ 
da? (a? + 2)4 

lide ae oe) 26, if r-aV3 or 0. 





(e+e 
Substituting a /3—h, a/3+h respectively for 7, we have 
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dy _2a(av3— a 3a} 
_ntehle iy 0-2) 
{a?+(av3—h)?}* 
which is negutive, since h<aVv3 ; 
Py _2a*h (aV3 +h) (2aV3+2) 
dat {u?+(a J3+hyy 


Hence =a V3 indicates a point of contrary flexure ; and, 





» which is positive. 


substituting this value of # in the given equation, we have 


/R uv/3 
y= as Take AN =av3, and draw NP=- a, when 


P will be a point of contrary flexure. 





Also substituting 0O—A, 0+hA respectively for z, 
d?y — —2a*h (i? — 3a?) d*y _2a°h (i? — 3a?) 
de (@+hp dx (a? +h?) 
one positive, the other negative. .. the origin A is also a 
point of contrary flexure. 


2 
Hence also, y being positive and 2 to the left of VL 
¢ 


negative, the curve from A to P is concave to the axis of 2, 
and consequently beyond P it is convex. 

Again -: as x increases y at first increases and afterwards 
decreases, having various finite values betw&en its primary 
value 0 and its ultimate value 0, there will be a maximum 
ordinate somewhere on each side of the origin. 


: dy _ aa — — a) =0, - g?—g?—0 


da (@+ay Riva 


But when =a, y= a= 


_ Draw BQ=5 it will be a 


maximum ordinate. 
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By substituting 0 for x in dy we have 


dx 


at 
tandb=—7=1=tan 45°. .. the curve cuts the axis of x at 


the origin A at an Z of 45°. 


) 


le show that the branches of the 


a? — a2? 


(5.) If y=z- 





curve pass through the origin, and are contained between 
two asymptotes perpendicular to the axis of z. 


Let r=0, -. y= 0 Put — «# for z, then 
L<a, yy is possible + if r=0, y=0 
tI=a, yuo La, YS + 
x>a,  y is impossible. wa, y=—wH 


“>a, y is impossible. 

Take AB=a, Ab=—a; then, since at the 
origin A the ordinate is 0, and then as # in- 
creases the ordinates increase until z=a, when 
au infinite ordinate passes through #; and, 





since the values of y are both positive and ne- 
gative, a branch extends on each side of the axis of z. 

Also, since when z is negative, the ordinates take values 
exactly corresponding to those when z is positive, the curve 
has sumilar branghes to the left of the origin. 


44.9 q272— 
Again oe sts Lilie aie and, putting #=0 and 
dx (a?—x")3 (a?+ a) 





d 
+a in this expression, we have tan=— = +1 and o. 
“. tand = 1 = tan 45°, tan €@= —1=tan 135°, tand = 
= tan 90°. 
Hence a tangent to the curve cuts the axis of x in the 
origin A at an angle of 45°, another through the same point 
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at an angle of 135°: and at Ba tangent to the curve is L 
the axis of z, and is coincident with the infinite ordinate. 
This tangent is consequently an asymptote, the branches of 
the curve do not extend beyond it, and they are convex to 
the axis of a. 

(6.) If (y—b)?=(4—a)*; show that there is a ceratoid 
cusp when «=a, and that the tangent at that point is pa- 
rallel to the axis of 2. 

If r=a, y=b. Take AB=a, BP=b, then P is the point. 
_ dy 


4) r 
—= + —-(r—ayt= 
dz +3 a) ’ 


Now y—b6=2+ (c — a)?, 
when r=a; ~~. tan@=0, and the tangent to the curve at 
the point denoted by r=a is || to the axis of x. 

2 5 
Again = + (e—a)!=0 when 2=a ; 
and, putting a+, a—h successively for 2, 
15 
ta +——/h, which has two values, one +, another —. 
2 
waa +— 4 a | A, which is imaginary : 
d*y 


a 
and since if r=a, = =(), —“~=0; and if s=a—h, they are 
dx” dz 


both impossible .. the curve cannot os : a 

to the left of P: also -; if z=a+th, cH / has ‘i | ; 
two values, one positive and the other negative, .. at the 
point P there is a cusp of the first species. 





9 


o~ 


(7.) Show that the curve, whose equation is r= oy’ has 


a point of inflection when r= and rectilinear and circular 


asymptotes. 
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r 





r 6? —r=a6?, (r—a) @=r, 0 


























r—a 
r—a—r 
aye 
Sat pe BP 
r 9 A/ r 27% (r—a)8 dr r(r?—p?) 
r—a 
p ee a pr 
(2p?) 2r4(r—a)2 r2—p? 4(r—a) 
apts? Arma) rt Ara 
PP jee P fer , 
1 4(r—aje+a’r Sees art 
p a a*r3 2 J 4 (r—a)'+ atr 
Coo res ek ek Ree a pata? 
at /4 (r— a+ a?r —ars- ad 
dp _2 9/4 (r—ajp+ a’r 9 
dr 4 (r—ay+ar — 
- 3 {4(r—a+ ar} —12r (r—a)??—a?r=0, 
, lisa, _3a 
( Me “e. T= — "," t= 9 ° 
Hence there is a point of contrary flexure, when r=5 a. 
2 
Again ee — - Let 7 become infinitely great, then 
r a 
ae .. &—1=0, 6=+1. 
r @ 
dé a 2 a8 ars _ayr r \% 
—- = SS r <= — = +5 (——) : 
dr ort (r—a)i dr 2(r—a)8 r—a 


and, when 7 becomes infinitely great, 





r 1 1 1 
ne = = Fo 
Pee Gane’ Se, 
r CO 


d@ _a 
.. Subtangent S7=r? et 


I 
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and, since SZ’ remains finite while SP is infinite, a tangent 
may be drawn which will touch the curve at a point infi- 
nitely distant from the origin ; this tangent is therefore a 
rectilinear asymptote: and +; 6 and S7Z' have each two 
values, .. there are two rectilinear asymptotes. 





: 1 &—!1 e—1 1 
Again, let r=a, -. roar ei l=——-=1— we 
oe =O, .. @=00 when r=a. 


Also 6= A / —; which is impossible when r< a. 


Hence :: r=a makes @ infinite, and r<a makes @ im- 
possible, there is an asymptotic ©, radius =a, within the 
curve. 

In the logarithmic and many other spirals the curve makes 
an infinite number of revolutions about the pole before 
reaching it ; hence the pole may, in such instances, be con- 
sidered as an indefinitely small asymptotic circle, that is, an 
asymptotic circle whose radius =0. 

The equation to the logarithmic spiral is r=a!, or r=ae™9, 


8 
or r==ce“; r increasing in a geometric ratio, while @ increases 


in an arithmetic ratio ; the radii including equal angles are 
proportional. Its evolute and involute are similar to the 


original spiral. 
(8.) Trace the curve whose equation is r=a (2 cos6+1). 
Leto=0, «.r=a(2+1)=3a, 
6=30°7, r=a(/3+1),whichis< 3a, 
6=60, =a(1+1)=2a, 
6=90, r=a(04+1)=a, 
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Let 6=120, .cosO= ~cos6=—5» r=a(—1+1)=0, 


6=150, cos8#=—cosd0= w3 r=a(— /3+1), 
yy} e e 
which is <a, 


6=180, cosé=—l, r=a(—2+1)=—a, 


=210, ee oe r=a(—V/3+1), 


: which is < —a, 
6=240, cos6=—cos60=— . r==0, 
6=270, cosa=0, r=a(0+1)=a, 
6=300, cos8=cos60, r=a(1+1)=2a, 
6=330, cos@=cosv0, r=a(/3+1), 
which is >2a, 
6=360, cosé=1, r=a(2+1)=3a. 


Divide the © of a © into 12 equal parts, and draw 
radii through the points of division. Take AB=3a, AP, 
Ap each =a(V/3+1), AC, AK each =2a, AD, AH each 
=a. 

Take AE’, AG’ each=a(— /3+1), and AF’=—a, These 
three, being negative values of r, must be measured in an 
exactly opposite direction, as AH, AF, AG. 

The curve, which is the trisectrix, will pass through the 
points B, P, C, D, A, H, K, p ; and the interior oval will pass 
through 4, £, Ff, G. 

Taking r=a(2cos@—1), a precisely similar curve is pro- 
duced, but turned the contrary way. 

Taking — 0 for 6, the same curve is produced, 
": 2cos (—6)=2cos0. 
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(9.) Show that the curve, whose equation is (y?+.27)8 
=4a*r*y", has a quadruple point at the origin, and that 
there are four loops or ovals; namely, one in each 
quadrant. 

Let the equation be transformed into one under polar co- 
ordinates, putting =r cos0, y=rsind. 


(r?sin29 + 7°c0876)8 = 4 a?7?sin79 r2c08?0, 8 = 4. a? ‘sin? cos29, 


r?= 4 a?sin?6cos*0, r=2asin6 cos@. “. r=asin 26 
Ist quad. If@=0, r=0, By put- 
9=15, r=asin30=s, ‘9 
2 for 6 the 
; /3 curve is 
fae Ee 9% reproduced. 
6=45, r=asin90=a, Take the several 


; /3 ~~ ~values of r at the 
6=60, r=a sin 120 =——a, ; 
2 ”’ corresponding 


: a angles. 
— 3D = 15 prereset | 

a ee 2 In the second 
6=90, r=asinl80=0, and fourth quad- 
2nd quad. §=105, r=a sin210= ——, FOU me values 
2 of 7, being nega- 
Seiquad O210h veacusq0es, eee ve 
2 measured in op- 
@ posite directions. 
2 Hence, there 


will be an oval whose axis =a in each quadrant: and the 


4th quad. 6=285, r=asind70=— 


origin is a quadruple: point. 

(10.) If r=atan6, show that the asymptotic subtangent 
is a, and that the curve is included between vertical asymp- 
totes. 
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Let 6=0, o.r=0, Let O6=7r+45, o.r=a, 


@=45°, r=a, b=>> rT=0, 
O=— r=a gs as r=2=—a 

~ 9? = 3 <2 9 ? raat ? 
6=135, r=—a, 60=2r, r=0 
6=n7, r=0 


Take therefore SB=a at an angle of 45° with the axis 
of x, the curve will pass from the origin S through B to 
infinity. 

And +; those lines are said to be || which coincide only 
at an infinite distance, and -; the asymptote will ultimately 
coincide with the curve and consequently with SP when 
both are infinite, .. the asymptote must be drawn || SP. 


There are similar branches in all the four quadrants. 


dr dé ] 
—= 2 —=—— 
Now Tr a(1+tan’6), dra (1+ tan%6) 
d@_— a*tan?9—_tan”6 
‘dr a(i+tan?@) — sec"0 





dd ; 
Reel i ae Wp the asymptotic subtangent. 


Take S7'=a, and draw 7P,|{SP; TP, produced is the 
asymptote. Hence, this curve is included between vertical 
asymptotes. 


(11.) e=a(1—cosé), y=aé are equations to the curve 
called the companion to the cycloid; find the points of 
contrary flexure. 


Let BDQ be the generating circle, centre O, vertex D, 
radius =a, DM=2, UP=y, 4 DOQ=8. 
L 2 


114 SINGULAR POINTS, 


Let 0=0, -.24=0, y=0, 
ms us 
O=5 r=A, y=z4, re 
Tr ‘ 
f=5+4, .. cosO= —sina. 23 \. 
eee ane) which increase L 
ya (5+), a8 a Increases. 


£7 
Let ams 6=7, -.cosd=—1, —cosd=1, 


s=a(1+1)=2a, y=nra. 
Putting —6 for @, a similar curve is produced on the 
other side of the axis of z. 
dy a 


Now —=—————_;’ 
dx (2ar—x\t 


— 52 (2 ae— at) H(20—2e) 








2 aoe a 
Oe Po eh eh nh a(c=*) ==, if r=a. 
dz’ Jax—x* ~ (Qar—a2)3 


Substituting a+, a—h respectively for z in this expres- 
sion, we have 
qd? a — h se 

Se shee oe line a) ————; which is positive, 
dx’ {2a(ath)— —(a+h?}# (a? —h?)3 
dty_— —a{a—(a—4)} ah 
dy {2a (a—h)— (a—h)?}3 (a?— h2)3 


.. there is a point of contrary flexure when 2=a, Y=5 a. 


— >» which is negative ; 


DO=a, Take OR= 54, Or=— 5a, each = arc Dn, 


BA=nxa=arc DQB ; the curve will pass through D, #, 4, 
and &, r will be the points of contrary flexure. 
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(12.) Show that the curve y4+ 2 axy?—az?=0 has a triple 
oint at the origin, and determine the position of the 
angents. 

d 
4y°p + 2a(x2-2yp+y*)—3a27=0, where p=— ; 
(495+ dary) p=3ax?—2ay?, 
_ 3ax*—2ay*? 0 
P= 4 P+4acy 0 
.. there may be a multiple point. 


if z=0 and y=0. 


Differentiating numerator and denominator, 
6ua—hayp —_ 90 Gh = 
P= 12 Yp+4acp+4ay 0 if =0 and y=0. 


Differentiating as before, 








—__§a—4ayq—4ap? 7 where 2! = 
"94 yp? + 12 y?q + 4axq+4ap +4ap dat 2 
6a—4ap? 3—2p? _ 

P= Bap Sp if xr=0 and y=0. 

I 
. 4p27= 3 —2 p?, . p=t—: 
P P P We; 
Sax? —Qay* 2 ay? ; 
Also P= TPp+4ary ay ) if r=), 
a a 
eg ge oe if y=0, 
.. the origin is a triple point; and ‘; ings = ee 
dx V2 
1 
and = — es and also =o, .. the tangents cut the axis 
1 I 
ae ee) | (meee ce) emanate icht- 
at Zs=-tan ( 7a) and tan ( 5) and at right-angles. 


* These repeated differentiations are sometimes tedious: they may, 
however, in such cases as this, be simplified by considering p constant, 
as no error will arise from that assumption. Thus, instead of this 
equation, we should have had, by considering p in the previous one 
Vu =z up 


constant, p== 


—_—______*__—., whence p= +—— as above. 
24 yp?+ 4ap + dap P 


V2 
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(13.) In the diameter AB of a circle take a point C, draw 
a chord AP and an ordinate PN, and CQ parallel to AP, 
meeting PN in @: trace the curve which is the locus of Q. 
AB=a, AC=)b, AN=x2, NQ=y. , 
NP= V aa — 2°, equation to ©, | lir~. 
CN : AN :: NQ: NP, or 
a—bi ae: y: Vac—z, 


. rym (a—b) Vax — x, “y= (e—Db) A / —— is 


the equation to the curve which is the locus of Q. 





Let y=0, +. a=l and =a; letx>a, y is impossible. 
y has finite values positive and negative when 2>b and <a. 

Hence the curve will pass through C, Q, B, and form an 
oval. 

By the question no part of the curve can be to the left of C. 

(14.) A rod PQ passes through a fixed point A ; find the 
equation to the curve described by P when @ moves in the 
circumference of a circle of given radius, and trace the curve. 

PQ=HK=length of rod, diameter sees 
of © BQ=a, AB=b, gp position of > Aa wa 
rod when Q has moved along the 
arc Jy, AN=2z, Ng=y; then Vy?=BN-NQ.  Euc. iii. 35. 

y?=(a4—b)-(a+b—z)=(x—b) (c—z), if c=a+J, 
=—g?+(b+c) 2—be. 
Let Ag=r, LA=8, .y=r sin8, zr=r cos, 
7 sin?9 = —r* cos*9 + (b-+-c) r cosd—JLe, 
2 —(b +c) cos0- r= —be, 


- r=5 {(b +c) cosd+ V(b +¢)2cos’a—4 bc} - 


And +; Ap=qp—Aq=l—r, by giving successive values 
to 0, and taking the corresponding values of 7, the curve, 
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hich is the locus of P, will be traced. If BD be the posi- 
on of the rod when @ has described a 31©, PD=BQ. 
[ence the curve is an oval, whose axis PD=a. 

(15.) The equation to the spiral of Archimedes is r=aé ; 
‘ace the curve, and show that the origin is a point of con- 












rary flexure. 
et @=0, r=0, 
6=45, pa. = =a (7854), 
T 3°1416 a: 
O=5° r=—> =a (1°5708), " 
6=n, r=a(3'1416), 0 
o= "=, y=a(4'7124), 
6=27, r=a(6:2832), 
@=0, r=. 


Take the angles, and draw the corresponding lines for the 
values of r, and the curve may be traced. 

Put —6 for @, and the values of 7, being negative, must 
xe measured in a directly contrary direction. 











r . doi do Pp 
Now om ee ie ut dr Jel aph 
A 4242 
eee, Eee og Bagee 
rvri—p? a 2? py 
2 — rf en ee 
7 a+r Jar+r 
2r 
Irv a4 2—r?.—_ . 
oe aVa4re Ir(a2+r)—r3 
dr a? +72 (a? +72)8 





ps, la when r=0 or 0=0; 
(P+? (+r 
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and ce changes sign immediately before and after the 


origin. 
.. the origin is a point of contrary flexure. 

In the figure, if » commences its revolution above the 
axis of # in the first quadrant, the branch of the spiral 
ABCDEF will be generated. If negative values be given 
to 6, and r be measured in a directly opposite direction, the 
branch represented by the dotted line will be traced ; and 
we shall have the double spiral. If commences its revolu- 
tion upwards in the second quadrant, two branches will be 
generated, similar to the others, but turned in a contrary 
direction, and intersecting them in the horizontal and ver- 
tical axes. ; 

This spiral was invented by Conon : but Archimedes dis- 
covered its principal properties. 

If a fly were to move uniformly from the nave of a wheel 
along one of the spokes whilst the wheel revolved uniformly 
about a fixed axis, the fly would describe this spiral. 

Teeth of this form are applied in the construction of 
engines in which uniform motion in a given direction is 
required. 

(16.) Two points start from the opposite extremities of 
the diameter of a circle, and move with uniform velocity in 
the same direction round the circumference, their velocities 
are in the ratio of 2:1. Determine the locus of the bisec- 
tion of the chords which join the positions of the two points, 
and find the polar subtangent of the curve. 

Let the diameter AB=2a, and A be the 
position of the point which moves with a 
velocity equal to double that of the point ; 
at B. Now when this latter point has made 


c 
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half a revolution, the former will have made a complete 
revolution, and consequently the two points will coincide 
at A. Again, the motions continuing, if we take any arc 
AC, and bisect it in D, C will be a position of the point 
which started from A, and D the corresponding position 
of the point which started from B. Draw the chord CD, 
bisect it in P, and join OP, OC, OD. 

Let O be the pole, OP the radius vector =r, 4 AOP=6, 
then POD=5 C= 008 POD, or "=c08 56 the equation 


to the locus of P. 
To find the polar subtangent, 























Peay ed ante ok 
% ad 3 dr a 
db _ Te 1 _ 1 
ni’ Caen ian ae a’ 
asing 6 a Af 1=ces? 9 a yy es 
dé re 
A ee ——-=the polar subtangent. 
ir Ve : 
To trace the curve, r=a cos 5 8 
Put d=0, then cos0=1, r=a, 
W341 /341 
6=—40, cos l5= ? r=a ) 
2/2 2/2 
J3 /3 
6=90, cos30=—>—> T==G 39’ 
] a 
=1 a, 0345 = —-=) {=——) 
6@=1395 cos 5 Ta 
a 


l 
6=180, cos60=>> r=5) 
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/3—1 /3—1 
Let 0=225, then cos75= —» rsa , 
2/9 2/2 
6=270, cos90=0, r=0, 
3—1 /3—1 
@=315, cos 105= — r= —a ’ 
2/2 2/9 
1 a 
6=360, cos 120= — 3” —— 5” 
1 a 
6=405, =) =— ——) 
Vo ° WW 
6=450, cos 150= — v3 | r= gee, 
2 2 
/3+1 /3+41 
§@—495, cos 165=— — f= , 
2/2 2/9 
g@=540, cos 180=—1, r= —a. 


The negative values of 7, which are 5 
measured in an opposite direction, are in aN 
distinguished in the figure by dotted 
lines. . -_ 

By giving negative values to 6 the WS xs 


same curve would be produced, but 





turned in a contrary direction. 


(17.) If a?y=36ba*—2? ; show that there is a point of 


2 
contrary flexure when r=), and y= - 


(18) If y=2a pm 


: : , 3a 
points of inflexion when ae a 


2 e 





x 
» show that there are two 





2a 
— +——. 
8 
(19.) If azt—(c—a) y*=0 be the equation to a curve ; 
show that there is a point of contrary flexure when c= — 2a. 
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(20.) If y=axr+lz?—ca5 ; show that there is a point of 


b b 
inflexion when t= and y= Fa (9ac + 207), 


(21.) Ify=e+ (c—a)?(e—b)*; show that there is a 
double point when r=a, and y=c. 


Pe 
(22.) If y=—3 (a?—2*) ; show that there are points of 








5a 
inflexion when #= Epes, ey 
Je” @ 
x? came r+a\? a? (a? a?) 
9) ee ee — 3 cooue 
3) Eo toa (—) y= (a—b) | (x —c) 


be three Pe having no mutual relation, and x becomes 


infinitely great in each; prove that in (1) y=oo0, and oY 0, 


in (2) y=o, and oo 1, and in (3) y=0, and ot =0, 


(24.) If y? (a?—a?)=<2* ; show that the equations to the 
asymptotes are y=+a2, y=—a, and that the curve lies 
above the asymptote: also show that the curve has two 
branches touching the axis of x at the origin, both being in 
a plane perpendicular to the plane of the paper, between 
two asymptotes which cut the axis of x at mght-angles 
when z=+a, c=—a; show that beyond these asymptotes 
the curve is in the plane of reference, and approaches nearest 
to the axis of # when z=av2, again receding towards the 
asymptotes whose equations are y= +2, and intersecting 
them at o in a point of inflexion. 


(25.) If 72 +22—2.a22=0 ; show that the equation to the 
asymptote is y= —e+% » that at the origin there is a cusp 


of the first species, the two branches being above the axis 
of # and concave to it, that the curve cuts the axis of x at 
M 
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right-angles at a point denoted by x=2a, where there is‘a 
point of inflexion, beyond which it approaches the asymp- 


ae 2 
tote whose equation is y= —x+ - ; show also that there is a 


maximum ordinate whose length is cde . 4, when meee 





3 3 
(26.) If r= show that P= Tp and that 


there is a point of inflection when r=a~2, the curve being 
concave towards the pole when 7 is less than av 2, and con- 
vex towards it when r is greater than u /2. 

(27.) y=a+a* (x—a)3; determine the nature and _posi- 
tion of the cusp. 





(28.) pose 2 being the equation to a curve referred 


to rectangular co-ordinates ; show that the equation between 

polar co-ordinates is r=atan8, and that the equation be- 

tween the radius vector and the perpendicular from the pole 
ar 


Sa anh tai? Show also how the 
a ne 


upon the tangent 1s p=—7=—> 


branches of the curve are situated with regard to the plane 


of reference. 


(29.) Ifé=— 





a > show that a line drawn parallel to the 


prime radius or axis, at the distance a above it, 1s an 
asymptote to the curve, that, when @ is +, the curve has 
an interior asymptotic circle, and when 6 is —, it has an 
exterior asymptotic circle. Trace the curve, and show that 
the rectilinear asymptote is a tangent to the asymptotic 
circle. 

(30.) The equation to the Cardwid is r=a(1+cos#) ; 
trace the curve. 
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6+sind , 


Sema 2 
A__anA 


(31.) Ifr=a trace the curve, and show that 


there is an asymptotic circle, radius=a, and that the curve, 
coming from infinity, continually approaches the convex 
circumference of the asymptotic circle on one side of the 
diameter, and the concave circumference on the other side 
of the diameter. 


J a2 
(32.) The equation to a curve being = a 


show that it has asymptotes, at right-angles to the axis of x, 
at points denoted by z=+a, = —a, and other asymptotes 
cutting the axis of # at 45°, and 135°, respectively ; that 


there are minimum ordinates when r= tan/ /2+41. De- 
termine the value of these ordinates, and show the position 
and direction of the branches of this curve. 


(33.) y=a+ (ax—a?)?; determine the nature and posi- 
tion of the singular point. 

(34.) x?y?+a7y?—a4!=0 is the equation to a curve ; show 
that its asymptote coincides with the axis of x, and that 
there are points of inflexion above that axis at distances 


equal to +a ifs and —a wa from it, and at dis- 


tances equal + 7 and — a from the origin of co-ordi- 
nates. 

(35.) If 23—y =a; show that the curve cuts the axis 
of # at right-angles, at the distance a from the origin, that 
at each of these points there is an inflexion, the part of the 
curve between them being concave to the axis, the part to 
the left of the origin being convex, and the part to the right 
of the point denoted by «=a, concave. 
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(36.) If (e—a)’=(y—z)?; show that the common tangent 
to the two branches of the curve is inclined to the axis of « 
at an angle of 45°, that the curve cannot extend to the left 
of the point denoted by r=a, and that, at the distance a 
above that point, there is a cusp of the first species. 


3 
(37.) If y= A / anae be the equation to a curve; 


$ 
show that there is a point of inflexion at the distance a 





above the origin, and another in the axis of z, at the dis- 


4 
ce 


tance - from the origin. 
a 


(38.) y=csin = is the equation to the curve of sines ; 


show that, at all the intersections of this curve with the 
axis of x, there are points of contrary flexure. 


(39.) Y= +eV/20—2 being the equation to a curve ; 
show that its branches intersect the axis of x at angles 


1 
=tan-!+ FA and tan7!+ /2, that there are four double 


points in the axes of co-ordinates, at the distance a from the 
origin, and that the branches form two intersecting ovals. 

(40.) If 7?=a?sin2@; show that there is an oval in each 
of the first and third quadrants, and that no curve exists in 
either the second or fourth quadrants. 

(41.) If the equation to a curve be 2°+y?—2 Jaxy=0 ; 
show that the axes are tangents, that p=0 and o, and 
that the origin is a double point. 


Y 
a—z 





(42.) If tan30= — =, and tan§= define a curve ; 
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show that it has a maximum ordinate at the point denoted 


aa 
by s=a (1 — “*) , and trace the curve. 


(43.) Trace the curve, whose equation is 2ay + 3a*y? 
+ 2a°2*=a‘4 +24, and determine the different angles at which 
it cuts the axis of x. 


(44.) Transform the equation (a—zx) y?=.2° from rectan- 
gular to polar co-ordinates, and trace the curve. 


(45.) Trace the curve, whose equation is 7°—by?—az? 
=0, and determing whether it has a point of contrary 
flexure. « 


(46.) Prove that, in the logarithmic spiral, the equation 
to which is r=ave™, the tangent constantly makes the same 
angle with the radius vector. 


a—Qe¢ 


2 
(47.) Trace the curve, whose equation is T » and 
ac 





u—z 
ascertain the angles at which it cuts the axis of x. 

(48.) If the hour and minute hands of a watch were of 
equal length, and an elastic thread, so extensible as not to 
impede their motions, were attached to the extremity of 
each index, the thread representing a straight line of va- 
riable length, from 0 to the diameter of the dial-plate ; 
determine the polar equation to the curve which would be 
described by the middle point of the thread, and trace that 
curve. 


(49.) If perpendiculars be drawn to the diameter of a 
circle, and from each of them a part be taken, measured 
from the diameter, equal to half the sine of twice the arc 
which it cuts off, the arc being measured from the same ex- 
tremity of the diameter; show that the equation to the curve 

M 2 
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passing through the points thus determined is a lemniscata, 


whose equation is y=- /a?—z, and trace the curve. 


a(x—c)t ; 

(50.) If y= aa me there is an isolated point, de- 
termine its position, and exhibit the form of the curve. 

(51.) In #7 logr—az?y+y=0, show that the origin is a 
point darrét ; and in y+ye*—x=0 a point saillant, the 
branch corresponding to the negative values of x starting at 
an angle whose tangent is 225°. 

(52.) Transform (27+ 47)8=a?y4 to an equation between 
polar co-ordinates, show that the pole is a quadruple point, 
and exhibit the form of the curve. 

(53.) Show that the curve, the equation to which is 
ay*=(x—a)* («—b), has a singular point when z=a, a con- 
jugate point if ) is greater than a, and a double point if a 
is greater than b. 

(54.) ACB is a semicircle whose diameter is AB; draw an 
ordinate VC' and a chord AC, then VP being taken in the 
ordinate, always equal to the difference between the chord 
and the corresponding abscissa, show that the locus of Pisa 
parabola, and that there is a maximum ordinate when the 
abscissa and corresponding ordinate are equal. 

a*g 
ab+ a 
has three points of inflexion ; and that, when «= /ab, the 
tangent is parallel to the axis of 2. 

(56.) If r=aé6* ; show that there are points of contrary 


(55.) Show that the curve, whose equation is y= 


flexure when r=0, and r=a (—n?—n)?; and that this equa- 
tion comprehends those of the spiral of Archimedes, the 


TRACING OF CURVES. 127 


lituus, the hyperbolic or reciprocal spiral, and an infinite 
number of spirals. 

(57.) Show how the trisectrix, the equation to which is 
r=a (2cos@—1), may be used to trisect an arc or angle; and 
explain the difference between the generation of this curve 
and that of the cardioid. 

(58.) Prove that the angle at which the logarithmic or 
equiangular spiral, whose equation is r=a?, cuts the radius, 
is constant, and that the radii which include equal angles 
are proportional. 

(59.) If e=a(9—esin6), and y=a(l—ecos6) define 
the trochoid; show that, at a point of contrary flexure, 
a? — 12 


a 





Y= 
(60.) A circle, which continues constantly in the same 


plane, rolls, like a carriage wheel, along a fixed horizontal 
line ; the curve described by a point in the circumference is 


: dxf y \4 
the cycloid. Find the equations Fis Cree , and 
dy (=)! 
de \ « 
(61.) Ascertain the loci of the transcendental equations 
(1) y=2+cosrv —1, 
(2) y=x?t V1 —asec?e. 


(62.) Show that, in curves referred to polar co-ordinates, 


2 
Le Investigate the 


s being the length of the spiral, Cie 


» and between 





- pnt? 
equation between r and @ when pa 
p and r when r=a sinn0. 


(63.) If @, and b, be two conjugate diameters of an ellipse, 
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cos?@ sin?@ 1 

a? (2 72 
the polar equation to the ellipse referred to the centre ; 
prove that a?+6?=a?+J?, and a,b,=ab cosecd. 

(64.) Trace the curve, whose equation is ay?’=23—bz?, 
and determine the number and nature of its singular points. 

(65.) Let BAC be a parabola, A the vertex, and BC the 
latus rectum ; in BC’ take M and W equidistant from B and C;, 
draw MD and NE perpendicular to BC, to meet the curve 
in D and #, draw CD cutting NE in P. Determine the 
equation to the locus of P, and trace the curve. 

(66.) A straight line DAF, at right-angles to the dia- 
meter AC'B of a circle, moves, parallel to DAE, along the 
diameter, whilst a line which at first lies on the radius CA, 
revolves with a uniform angular motion about C, intersecting 
the other moving line in P ; show that the equation to the 


¢ the angle they make with each other, and 


curve traced out by P is y=(a—z)-tan nd ; that the curve, 


which is the quadratrix of Dinostratus, has an infinite 
number of infinite branches intersecting the axis of x, and 
that the moving parallel is an asymptote to two infinite 
branches. Show also that, if this curve could be geometri- 
cally described, the ratio of the diameter of a circle to its 
circumference would be determined. 

(67.) A globe, whose radius is a—b, vibrates in a hollow 
hemisphere, whose radius 1s a, in such a manner that a great 
circle of the globe coincides with a great circle of the hemi- 
sphere ; determine the curve traced out by the highest point 
on the globe in one revolution, and exhibit the polar equa- 
tion. 
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CHAPTER XV. 


CURVATURE OF CURVED LINES. RADIUS OF CURVATURE. 
EVOLUTES. 


Rectangular Co-ordinates. 
If the equation to the osculating circle, or circle of curva- 


ture, be R?=(2—a)*+(y—f)%, and if p be put for %, and 
2 
q for 4, R being considered positwe when the curve is 
concave to the axis of 7, and negatiwe when the curve is 
convex ; then 
1+p*i 1+p? l+7? 
Piven), —-p= — ———— L—Q——— - p- 
; y—P F roe 

a and /3, being the co-ordinates of the centre of the radius of 


curvature, are the co-ordinates of the evolute of the curve. 
If w=0 be the equation to the curve, 

du\? d7u dudu d*u | sduy? d*u 

ia) Ge ea eae ae) a 


duy?  duy?)4 
(az) +) § 
The middle term of the numerator in this expression 
vanishes when the value of wu is the sum of two parts, one 
involving # and the other y. 


The distance from a point in the curve to the intersection 
of two consecutive normals is the radius of curvature at that 


R 


point, 
The normal to the curve is the tangent to the evolute. 
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Polar Co-ordinates. 


If R be the radius of curvature as before, r the radius 
vector, @ the angle traced out by r, and p the perpendicular 
upon the tangent, 


dr?) 
pap (°+7q) 
ap Rory all pal 
dd? dé? 
dy? 
Th = on dr r(iete) 
e semi-chor pa __ Tr ae 
“de” de 


To find the equation to the evolute to a spiral; 7 and p 
being taken as co-ordinates of the involute, 7, and p, as cor- 
responding co-ordinates of the evolute, we must eliminate 
fh, r and p from the four equations 


p=f(r), px=(r?—pyh, Rar, pert + R?—2 Rp. 


Ex. (1.) To determine the radius of curvature at any 
point in the common parabola. 


y*=4m2, the equation to the curve, 


dy : dy 2m 
29757 =4m, . p= ne - 
d2y 2m dy _ = 2m 2m 4 in? 
a ae i as 
4m? 4m*+y2 4m?+ Amir 
a llr ae eas 
. Pa (1 (1+p7)F_ {4m (m+ 2) }& x _2(m+a)h 
cia q y ‘4m? mt 


Since this expression for the radius of curvature diminishes 
as x diminishes, 4 is least when 2=0, and then R=2m 
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= half the latus rectum ; hence in the parabola the point of 
greatest curvature is the vertex. 

(2.) The equation to the rectangular hyperbola, referred 
to its — is cy=m? ; find the radius of curvature. 


dy dy m? : m? 
a7 ty=9, co ae ae 2 p= — a 


mt aAt+m4 at+ary? at+y? 





3 


= —e—rooOo- = 
l+p =I A =A 5 
pet te tty 
~ q 28 Im? Ym? 


(3.) If the equation to a circle be 2?—a(«#—y)+7°= 
find the radius of curvature. 


y’ +ay=ax — x’, (2y +a) oY —a—2a, 
. a—2x _ (a— 2.2) 2.0)” 
Oat ey CT 


(a—22)?_(a+ 2y)?+(a— 22) 








2— —— ) 
t= Tt GE age (at dep 
—2Qxr 
_ —2(a+ 2y)—2(a—2z)- ‘P_ ATS 2(a— 2a). a+2y 
7 (4+2y) (a+2y)7 
_2{(a@+2y)? + (a—22)?} 
7 (a-+2y)P 


_ (+p) _ {+2 + (a—20)?} 4 
Q —-2{(a+2y)?-+ (a—22)?} 
_ {@+2yP+ (a—2x)?}4 (2a%)t a 
a nr irr) s 
(4.) Find the radius of curvature to the hyperbola, and 
determine the equation to its evolute. 


Now &= 
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32 
rl ene 
= (2? —a?), 
dy br _dy Ve b4,? 
ae Pay TPN ay’ 
ane 
aah 
B24 oe 
1+ 3.4 ———-_——_» 
ar (a?x?— a!) 
br 
i ay a%bty?— IAs? 
= ag ae ee 
21,2 b? 7— a2) —}472 
a3 Ge Art aA? 
a ae a2)i al (22—a?)t 
a 


the equation to the curve, 


272 4 1) —a 
* 9. ale ; 
en! fe aa? —at 


ee 
+ pe ape it 





ah . 
(12 —a?)? 
Hence R= (Lp?) (022+ L22—a4)¥ (2? —a8 
7 a8 (2 —«?)3 ab 
7 ath i m7) 
_ (a*e2r? 2_g4)t { a? (e2a2?—a®)\@ a8 a8 (03 2 — a2) 
a.) a ee a mer 
272 _ 2 
= (C2 ON radius of curvature. 


To find the equation to the hee: 





—- = 
—_ see eared re 
ome ® 


_ { aa? + a? (e? —1) 2? —a4} (7? -a?)4 

= 

_(a622? — af) (a? —a?)t _ (02.2 — a?) (2? — a?)A 
a®b ab 


EVOLUTES. 133 


: y (2.x? — a?) e* 2? — a? 
pa tym SE 





CC: 


b? b2 














e2.x? — a? — |? 
=-y} ip a, { e?2?— a?—a? (e?—1)} 
y 2 
=-% { 2a? — e?u?} = 1 (a= — ae ae 
_ x Ba? 
alas hae ae 
yp y?_ (op) 
ee (ae) b2 (ae) 
bc y (e22? —a*) Lo 9 
L—a=—p(y—B)= a ee a”) 
eas ers oe ee ra ‘a af 
— a Par eae” 5 Bo ae a ated 
2 gf § $ 
But 4 —S=-1, a (26) — zccine 
oa (ue)s abet 


:. (0B)t—(aa)t= — (ae) = —(@2)t = — (a2 + Pk 
“. (ax)8 —(LG)8=(a?+0°)8 — the equation to the evolute. 
3.) Show that, in the catenary, the radius is equal but 
y q 
opposite to the normal. 


es ; 
y=>5 (e*+e *), the equation to the curve, 





_ dy _ =#(f Je a 
dx 2 al 2 
az az ar 3s or 
e@—Fte * e#49+6 4% etpe%? ¥? 
Lt pPaly ES aE a () 
_dty Qaty Ly 
ag? at a? 
eo C+r#(-2)= y 
re = q a 2y a 


134 RADIUS OF CURVATURE, 


2 Scie 2 
But the normal .V=y AJ +9 JI +psy- oe +2 ; 
Hence the radius of curvature is equal but aide to the 


normal. 
(6.) Determine the radius of curvature and the evolute 


of the cycloid. 
Let AV=z, NP=y, CD=2a. 


_ a+V/2ay— 7? : 
“=versin aoa ty the equation to the curve. 


we dy _ Vv 2a—y ge 
dx Vy Ny fet SR eat 


— — 
——enene — — 
ome Se ee 8 — e 


\3 az 7? ee 
| a? Ate = (=*)". Lana V8ay, 
q J id 
Now CF?= CKE?4+ EF?=CE?+CE-ED=y* + y (2a—y), 


2. CF = V2ay, ». R=2CF=radius of curvature. 


Hence 


To find the equation to the evolute, 
y—p=— 


s—a=—p(y—p)=— er 


°. amr+2 V Qay —¥. 
Substituting these values of a and 3 for the co-ordinates 
in the equation to the curve, we have 


B . a Vv —2a3— 3? 
=e oo sd Sh (1 
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Taking CA,=CD, and A,B,, parallel to AB, as the axis of 
the abscissee, and substituting 3,—2e for GB, and ra—a, for a, 
xa being equal to AC’; the origin will be transferred to A, 
and equation (1) will become 


a, + ee), 


2— Peas (x— 
a 


a 
/Iah —B2 
os Pt —versin at VOB OB, °: 2—versd =vers(r—A). 


And :; A.V,=a,, and V,P,=f3,, this equation to the evo- 
lute is the equation to another cycloid originating at A,, and 
whose generating circle is equal to that of the given cycloid, 
but moves in an opposite direction. 


(7.) Show that, in the common parabola, the chord of 
curvature through the focus is equal to four times the focal 
distance ; and find the length of the evolute in terms of 
the focal distance and the distance between the focus and 
vertex. Q ¥ 

Let the focal distance SP=r, the per- 
pendicular from the focus upon the ¢ 
tangent, SY=p, and DS=2SA=2a=c. 

Then, by a property of the parabola, SY?=SP-SA, 






o_o ; ap _ c dr {Pp 
i a= Cran 2 dpc 
dr 8p? 8 cr 
Chord =2p- re rar a =4r=4 SP. 
Again, y?=4 ax, the equation to the curve, 
~ Fy 2a 9 4a" 
‘dey a 


4 a? 4ae+y? 4a(at +2) 
1+ 729=14+——- = 
ss yo yo 
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d*y_ 2a dy_ —_—2a Ya 4a? 


mee J 





a ae dx —-Py y 
pa Ate) _{4aate)} x _2(at+a)8 2873 
ee = q y re ae gt SAi 
9 
SPH soy 





Hence, length of evolute s=R—c= 
SAt 
__2(SP&—SA®) 
SAR 
The form of the evolute, which is a semi-cubical parabola, 
is represented in the figure, by the lines ez, ee,. 


(8.) Find the value of the radius vector in the spiral of 
Archimedes, when the radius of curvature equals the chord 


of curvature. 





r=aé, the equation to the curve, 
dr dr _ rv ap 
Tas But 767 gree 
SC, eer ws 
p Po Pp 
rt — pr? =a? 2, 
dr dr 
ee ae een) ee 
4r° dp 2 pr*—2p*r J 2a“p, 
dr pr? +a’) 
9 me eee 2 pO 
Ir (2r P’) Fp Pp (r?+a?), c= (Qn —p’) 
rA rt r2 
—= 2 *, pe ———) =——_ —_- 
But oe “P p24. a4 P (r? +.a2)3 
pe 
+a 2 
r_ aye OT 24 0n' 
Hence k= <a 
5, 2 (202 — rt ) 2 (77 +207) 
r2 +. a* 
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— 972% _oyn, PIP +O) _ pr’+a*)’ 
Now, chord = 2p dp! 3rQ@A—p)rQr—p) 


Pe 
pees 2 
r+ a? ore) __ 2r(r? +07) 
Ay (r+ Qa?) 
' (202 r+ 2) 
And, comparing this value of the chord with the value 
of the radius of curvature, already determined, it appears 


that radius = chord if (724+ a?)\8=2r (r? +a), or 








a 


(7? 4+0%\t=2r, ri+a=4r, 37°=a?, it r= 


(9.) To find the radius of curvature in the semi-cubical 
parabola. 


3 
pa the equation to the curve, 
9 dy 22° ; dy x 
—_—_——=—_—_———— ee ——— a 
a ro P dx ay 


at qty*tat Qaz4+ 324 
1+p=1+ 54>—4a = 
a*y aty daty 
72 
‘ — AL? > — 
_d®y Lary —azx*-p ey ag 
hae TS azy? = aty? 











—— 
— —_——e a Sbaiemsenneaietamereanatieamaemeneatemmmetoaaad 
——<——— a pommel 








(lt p78 2aat + 3a 30% 
Now R= — Ot Oe 
_ (2a4+3ax)\brk 30% (2a + 3.2)8ah 
i” 33a%y3 aA 8hq 
N 2 
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(10.) Find the radius of curvature and chord of curvature 
in the cardioid. 


r=a (1 +0088), the equation to the curve, 
OF eee ee Bu t do a 
di dr a sind dr rem pe 
1 p 1 1 





rv 7 — pe asing %—r%p? a*sin?@ a*—ua*cos*g 
But +: acosd=r—a, a*cos*6 =r? —2 ar +.a?, 


2,2 nd 
_ arp r P 


= —r=a?— (rr? —2ar+a’), 





Po Pp 
=) en r= 2 ap?, Tee Cen ee . 
p dp J 2ar 
dy 2x2 2 
Hence Rap oS = a, 


d ? 4a da rw ee 
d= 2p-—=9n- f=? ._... 
ONS AP ag age ho gon 3 
(11.) If & and &, respectively represent the radii of cur- 
vature of an ellipse at the extremities of two conjugate dia- 


meters; show that &§+2RF= 77 + —- 
a” 


Let Pp, Yg be two diameters, then if the 
tangent at QY be parallel to Pp, or if the tan- a 
gent at P be parallel to Qg, they will be con- 
jugate diameters. 

Let CP=r, 2 PCA,=6, CQ=n",, £QCA =o. 

24,2 242 
Then Passa cath) =a +» (2), 





(1) 2 logp=loga?b? —log (a? 4+ b?—r’), 


pdr @+e—7 pdr at+bht—r 


EVOLUTES. 139 











24 #2 2 
. Rar Pad tA t+ BP —r2). (a? casas yy 
_@+e—r%i 
= ab 
panes _ (a+ 2a 
mi oe ab 
_?t 62 — a peat t aaa 
(ab) | (ab) 
Hence Ri+Ri= ft Fn.) 9 
(ait 


But since, in an eblipse, the sum of the squares of any two 
conjugate diameters is equal to the sum of the squares of the 
major and minor axes, therefore (2a)? + (26)?=(2r)? + (27,)2, 

or a? 4+ =r? + 72, 


a? +b? as bs a) e+ 

Ri=* 

a oleae aarti 

The form of the evolute of an ellipse is ees in the 


figure. 
(12.) Find the equation to the evolute of the logarithmic 








curve. 
y=ae’, the equation to the curve, 
_dy 71 7 y d’y 1 dy ly _y 
de a 1~Te ade aa a 
y e+e 
l+p?=1 ta - 
l+p? a 2 24 92 
q ay y 
a? 
y—py=—-?—y, 2’ —By=—a? a 





» BBP _@?—8a? . b+ (B?—8a)t 
— —| So 6 3 Y= 4 e 
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da__ay__y 


2__ Bq2\t 
—a 3 5 G'— 800} is the equation to the evolute. 


(13.) If D be the point of intersection of the directrix and 
axis of the common parabola, and PV, QM 

be ordinates of corresponding points in the pa- 
rabola and its evolute; show that DM=3DN. ” 


The evolute of the common parabola is the 





semicubical parabola. 
The normal to the curve is the tamzent to the evolute. 
y’=4azr, the equation to the common parabola, 


=5 (a—2a),..... semicubical parabola, 


e+. 





res 
a en ae se mty 


Let y=0, then 7,=2+2a, the ae cut off from the axis 
of x by the normal to the curve. 


Again 2 log3=log ot log(a—2a), 2 a Bt oe 


da 2 da 2 
rr =3 (a— —2a), AO age gee) 


-a— ap = a+, the part cut off from the axis of x by 
the tangent to the evolute. 
4 
Leno: fess. been asedy: 





3 
.. d#=a—2Za, 
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But DN=a+2, x= DN—a, 32=3DN —3a, 
DU=4+ 4, a=DM—a, a—2a=DM —3a. 
.. DM —3a=3DN —3a, “, DU=3DN. 
(14.) In an ellipse, ¢ being the eccentricity, determine 
the radius of curvature in terms of the angle made by the 
normal with the major axis. 


Normal PG=y a/ 1+85- * : 
: PN_y 


Sin PGN= sin¢d= 








PG PG 
os sin — 6 
? /1 + p* ; 
Now y=- V a? — x, the equation to the ellipse, 
=) eee 
da @ gta 
ie: b?x? = a4 — (a?—6?) a? a? — e*a 
PEP mit gig) ailalcay wt 
a 202) ba 
. l+p%)t= Cielo al and g= — ——-——_- 
(1+p?) “(@aanh I= — al 
2)  (q? — e2g2)\8 
Hence pee Pa ee) bce ek oh ant (1) 
qg ba 
l a? — 30? ‘nig —etrtain? 2 
26 = —_ = +—__ 55 —e*as =a*—2x 
Now sin? itp =F aa’ a*sin*9 —e*2x"sin?¢ =a ; 
9: ee __a?(1— sin? 
(1 —e*sin?¢) a#=a?(1 —sin’9), = : ar ) 


ae? (1 —sin*9) 

















2 a2 ae 

as aT 
ate? 1—sin?9) _ a?(1—e*) 
aaa Sm =I —esin2y 


and, substituting this value of a in equation (1), 
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— al —¢)2 — all —e?)3 
ba (1 = e?sin?)3 - (1 _ e2sin? oy? 


- a (1—e?)3 _ a(1—e?*) 
~ (1—e)t. (1—esin’g)? | (1—esin’y)3 
(15.) An inextensible cord AB is attached to a stone 
at B, and a person holding the other extremity of the cord, 
moves with it at right-angles to AB uniformly along the 
straight line AC’; it is required to determine the equation 
to the curve described by the stone, and to find its evolute. 
Let the person be supposed to move in the direction AC 








until he arrives at any point 7, while the | 
stone moves along the curve BP; the cord |\e 
will then be in the position P7', and since up a 
to this moment the stone has never been so * Brae 
near to the line AC’ as it now is, the line P7 produced 
would not cut the curve BP ; hence PZ; or the cord in any 
position, is a tangent to the curve. 

Let AN=a, NP=y, AB=a; then 


Subtangent V7'=y o and NT?=PT2?—NP?2, or 


dx? dx > 
2(--) —a?—7? a —= + Vg 7? 1 
y ( a) a*—y*, y Wyo a*—y*, the equation 
required. 
Hence the curve is the tractory, and AC is its directrix. 


) 


The equation may be readily reduced to y a/ 1+ ae 


Ee / | 
dy» ” 
a form in which it is frequently given. 
2 2 
To determine the evolute ; (=) a , 
dy py 
a? 





en | +p'?= 


° 
9) 


a*—y* 
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dy Y d?y ay 
Again —= —— _— 
eS ar ais I= Gay 
a 6 —+ : sy 
B Z ne B 
dp _ a? dy Sa 
de -yVa—y saa leat oF as 
5 da a? 
=p— J gry? ea 
a a? —y?, Bae 
| 2 242 EES 
Hence Se Be Oe ASE Vay 
da dx da yve—y~ a y 
2 a 
OTB mat 


the equation to the evolute. Hence the evolute to the 
tractrix is the catenary. 

(16.) The equation to a circle being y=(a?—2?)3 ; prove 
that the radius of curvature equals a. 


2 4 
(17.) +=! being the equation to the ellipse ; show 
(a? — e2a2)8 


that the radius of curvature is a where the eccen- 


ae 


ee 





tricity e= 





(18.) In the cubical parabola, whose equation is y= ane 
(at+ a)t 

2 ata 

(19.) Prove that in the circle, parabola, ellipse, and hy- 
perbola, or in any plane curve whose equation is of the 
second degree, the radius of curvature varies as the cube of 





show that the radius of curvature is —~— 


the normal. 
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(20.) The equation to the rectangular hyperbola is 
y2—a2+a2=0; show that the radius of curvature is 


— a2)3 
Sclictes *) » and that the equation to its evolute is 
a 





(21.) Determine the radius of curvature to the curve 
called the tractrix, the equation being =F Vo y?, 


— 2\h 
pa ery”. 
y 
(22.) The polar equation to the lemniscata of Bernouilli 


s) 


o 


is 77=«*cos26@; show that the radius of curvature is aa 


(23.) Prove that the length of the arc of the evolute in- 
tercepted between two radii of curvature is equal to the 
difference between the lengths of those radii. 

(24.) Show that in the common parabola, whose equation 
is y*=4 az, the radius ot curvature is greatest at the vertex, 
that the radius of curvature at that point is half the latus 
rectum, and determine the equation to the evolute. 

(25.) If NV be the normal and & the radius of curvature 
to a point in the ellipse ; prove that V%a?+ Ai4=0. 


(26.) re being the equation to the lituus ; show that 


; . n(4at+rAyb 
the radius of curvature is Fa bat 

(27.) If r=/(6), find an expression for the radius of cur- 
vature, that is, prove that 


dr*\§ 
er ae ("? ae) 
dp 24 9 it : d*r 


dee dg 
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(28.) The equation to the logarithmic or equiangular spiral, 
referred to p and 7, is p=mr ; show that the radius of cur- 


vature is £ and that to this spiral the evolute is a similar 
spiral. 


2 42 
(29.) 5t+G=1 being the equation to the ellipse ; show 


that the equation to its evolute is (aa)$+(16)$=(a?—1)8, 
and exhibit its form and position with respect to the centre 
of the ellipse. 


(30.) In the hyperbola, the focus being considered as the 
pole, the length of the perpendicular on the tangent is 


yt 
eer show that the chord of curvature through the 
a+r 


focus is ar (2a +7), 
a 
(31.) The equation between p and r in the epicycloid 
is (c?—a?) p?=c?(r?—a?); prove that the radius of curvature 


is - (c?—a?) (7— a”). 


(32.) The equation to the involute of the circle is 
af+asec™} (=) = (r?—a?)? 3 prove that its radius of curva- 
ture is p, and that its evolute is a circle whose centre is the 
origin, and radius a. 

(33.) The equation to the hypocycloid is at+yt=at ; 
show that the equation to its evolute is 

(a+ B)t+(a—p)§=2af. 
(34.) Referring to example 22, and letting # and R&, re- 


spectively represent the radii of curvature at the extremities 
O 
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of the major and minor axes of an ellipse, prove that the 


at =)? 
length of the evolute is 4 (= _ ~-| : 


(35.) & being the radius of curvature, and s the length of 
ds 

(36.) Considering the earth to be an oblate spheroid, or 
ellipsoid, 2 its equatorial and 20 its polar diameter, m and m, 
respectively the lengths of an arc of 1° of a meridian in 
two given latitudes \ and X,, and considering these lengths 
to coincide with the osculating circles through their middle 
points ; show, by reference to Ex. 14, that the 

equatorial diameter : polar diameter 
:: {m¥sin?’ —m,¥sin?\,}4 : {mF cos?\, —mé cosa } 4. 

(37.) Show how the result of the last example would be 
modified if one of the arcs of the meridian were measured 
at the equator. 

(38.) Let AP be a parabola, ? any point in the curve, 
draw the tangent P7’, and the normal PG ; through 7’, the 
point in which the tangent intersects the axis of abscisse, 
draw 7’ at right-angles to that axis, produce PG to meet 
TQ in Q; prove that the radius of curvature at P is equal 
to GQ, and show the centre of the osculating circle. 


an arc of a plane curve ; show that R=+ 


(39.) The equation to a curve being x—sec2y=0 ; show 
that -= 2a: (a2—1)#, and that the radius of curvature 
Pal ay 
4% 
(40.) If, in the common parabola, a point, determined 


by z=3a, be taken ; show that the part of the sas of 
curvature below the axis of 2 is 12a. 
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(41.) If ds represent the small arc between two points 
(x, y), (e+dz, y+dy), in a curve, and & the radius of cur- 
vature, investigate a general expression for that radius, 
whatever be the independent variable ; that is, prove that 

dss 
ST Pady Piya 
when x, y and ¢ be severally taken as the independent 


» and thence deduce expressions for # 


variable. 

(42.) Show that, if an inextensible thread were applied 
to the evolute of a curve, and were to be gradually unwound, 
a fixed point in the thread would describe the involute or 
original curve. 

(43.) Prove that the tangent to the evolute is the normal 
to the involute. 

(44.) Prove that, when the radius of curvature is either 
@ maximum or a minimum, the contact is of the third order. 


CHAPTER XVI. 
ENVELOPES TO LINES AND SURFACES. 


Considering the evolute to a curve to be generated by the 
ultimate intersections of consecutive normals, the evolute is 
their envelope. 

If f(x, y, a2)=0 be the equation to a system of known 
curves, intersecting each other in points determined by x 
and y remaining constant whilst the variable parameter a 
undergoes an infinitely small variation so as to become da, 
the problem of finding the equation to the envelope resolves 
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itself into that of finding an equation involving a, y and 
constant quantities only, a being eliminated between the 
equations f(x, y, 2)=0, and f(x, y, a+da)=0. 

Tf there are several equations of condition involving the 
parameter, it is expedient to have recourse to the method of 
indeterminate multipliers, as in example 2. 

This method of finding envelopes may be applied to the 
determining of the equation to the evolute of a curve, 

Ex. (1.) A series of equal ellipses are so placed that their 
axes are in the same straight lines, the ellipticities alone 
being variable ; find the equation to the curve which will 
touch all the ellipses. 

Let the constant rectangle ab=m?, 

oy? 


Here, a and ) being variable, we must consider a, y and m 


=I, the equation to the ellipse. 


constant, and differentiate with respect to @ and 6. 
meJa y®-2b db_. yr? db_ ww db bx 


ee age aa a aa 
db db b 
a7 To, aie ee 
bea? oe i 
e -— =) 292 = g2y? <=: 
Hence aly? ba? = ay", mB 
2 Dae 
One Sl ae 
a OP day? 
Qa2 ape 
a 


-. Zay=ab=m?*, the equation to a rectangular hyperbola 
referred to its asymptotes. 

(2.) A straight line, whose length is /, slides down be- 
tween two rectangular axes 2 and y; find the equation to 
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the envelope of the line in all its positions, that is to the 
curve to which the line is always a tangent. 

Let a and b be the variable intercepts of the line on the 
axes, then 


=o l, the equation to the line, 


a?@t b2=/2, Euc. b. i. p. 47. 
Now, a and 6 being variable, we must differentiate consi- 
dering x, y and / constant. 


eda y_ x _ 
= as — 45=0, az dat 7; db=0, .. (1) 
da 
2a + 2b=0, ada+bdb=0. ... (2) 
Multiply (2) by the indeterminate multiplier }. 
hada + Abdb=0. Add equation (1). 
x y = 
a Y 
Assume —,+Aa=0, and -~5+Ab=0, then 
a b 
~+r02=0 
ew aaa (a? +67)=0, or 
74 nb2=0 - 
b 
; 1 _& a y b 
1=—ALF, A=— pe a= =p 


a= lt zt, b= lt ys, a2+h2=] (x + y#) =P. 
Hence xt+y% =l# the equation to the locus of the ulti- 
mate intersections of the line. 
(3.) To determine the curve whose tangent cuts off from 


the axes a constant area. 
o 2 
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First, if the axes be rectangular, let a and b be the vari- 
able parts cut off, and m*=the constant area. 


= +51, the equation to the line, . . (1) 
¢ 

ab 9 

> =m’, the area. S ho  &- 12) 


Now, differentiating with respect to the variables a and J, 
considering .t, y and m constant, we have from (1) 

















ydb_y ,dd__ Be 
ia ee ay’ and from (2) 
2 in? db 2m? 
b= 3 = — 
a da a“ 
24 Im? m2 SD can ay 
Hee, ee, ee 
a*y =a? x os 
2m2 J x Jom /a 
a= — = 2m?.§- —— ——_ = —_——-_- 
b J29-mvVy vy 
bes vy oe aire Vx vey, Vay 
8m Mx tae mvV/2 m/d 
2 
pe 2/aey=mvV2, Pr een mall Spe 
¥ XY WE Y 9 


the equation to a rectangular hyperbola, whose asymptotes 
are the axes of x and y. 

Secondly, if the axes be oblique, let them be inclined at 
any angle a, a and J being the parts cut off, and m? the 





area ; then 
ab sing 2a? | db 2m? 1 
=m, b==——- e-» —_—=— or 
2 sina a da sing a? 
Also aon — Mi as in the first case. 


da arty 
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2 2 2 
Hence eel b7= bid aie b= v2m vy 
a’y a*sina sina Jav sina 
__ 2m? Im? Vz BLTLES 
bsing "Sn gaa, Vy a 








Bed avy v ina  yVaV/ ana sin a ‘Wai =| 
“Gb A ee J 8m Vy mv 2 
m? : 
SO aa ng the equation to a hyperbola whose asymp- 


totes are the oblique axes daz, Ay. 


JS! % 
D 
KO AC 
a 7 = AO == 


(4.) Determine the equation to the curve which touches 
all the curves included under the equation 


a? ‘ 
y=a tand — Tice. the variable being 0. 


Differentiating with respect to 0, considering x, y and h 
constant, 








o— 1 8hz*cos 6 sind _2 sin @ 
a cos?6.  16A2cos4o ~ 9h cosd- 
Qh : 4h? x? + 4h? : 
tand=— 1+tan*0=1 5 aa eae a = sec“, 
Aha 
y 26— ’ 2 See? 
“+ COs 4 Ue uO age 
gt we+A4h? x 


dheost@ | 4ha2 4h 


ao 
Hence y=2h— Ui —h=h— ae the equation required. 
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If, in this problem, we consider 4 to vary as well as 6, 
and if some constant area m?=/2sin?8cos§ ; then we have 





x? m 
=—rtan@— ————» --: (1) and Ax=———— :- (2 
es 4h cos?g (1) sin’ @ cos? 0 (2) 
a2sin® 6 
.. yxze tand— ‘Diate oo _ ne ay 








sin? § cost @ 
-. y=ar tand— Raarer Vy 
4m 


Differentiating with respect to 6, considering x, y and 1 


constant, 


xr 32 











O=-z sec?6— dant Ocaacte, — tantg=1, 
4m 2 8m 

8m 641n? 7 512 m3 

t 3 =-——» — 7) tan? @= ‘ 

an?@ 37 tan§@ 92 an? @ 37,3 


Whence by substitution in (1) we have 
64m? ag? 512m = 64m2 = 128m? 
~ 9¢ 4m 2a 92 Be 
192m?—128m? 64m? ; 4,3. 
= Nanton ee roel 

(9.) Two diameters of a circle intersect at right-angles ; 
find the locus of the intersections of the chords joining the 
extremities of the diameters, while the diameters perform a 
complete revolution. 

Let AB, Ab be two semi-diameters at right- 
angles, 2a the diameter of the circle, A the fo 
origin of co-ordinates, r=AJ the line joining B 
the origin and point of intersection of the 
chords. Then 

AP r ] a 


—-= -=sin BA P=31n45°=—_> A ete 
AB a 3 2 
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Now, this problem is the same as that of determining the 
curve to which the chord at its middle point shall be con- 
stantly a tangent ; and y=mz+ r/m?+1 is the equation 
to a straight line, r being the perpendicular upon it from 
the origin. 


Differentiating this equation with respect to m, consider- 


ing 2, y, and 7 constant, 























O=2r4+r ——) Vit +) aoe ee 
/mi+l m 2 ma 
ay. = aegis, mea 
m= m? + |=— gti=-~ ay 
Hence y=—== e . Aas = / pig? 








Jp ae ee V7 — a 
Part —z, 


2 
x yr r=» the equation to a circle, whose radius 


is , and whose centre coincides with that of the original 


v2 
circle. 

(6.) If (c#—a)?+(y—lbP4+2=r’, and a?+l?=c? ; deter- 
inine the equation to the envelope of the system of spheres 
defined by these two equations. 

Differentiating with regard to a and b, considering a, y, z 


and c constant, we have, 


da da 
(c—a) 7 +y—b=0, a7, tb=0. 
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Multiplying the last equation by the indeterminate multi- 
plier A, and adding, we have 
(e+rAa—a) da+(y+rAb—b) db=0, 
-. Aa+2—-a=0, ...(1) Ab+y—b=0, ...(2) ; whence by 








eliminating ) we have == 
Again (1) Aa*?+ar—a?=0, (2) AL?+by—L?=0, 
“A (a27+ 07) +424 by— (a*+67)=0, 
; ax+ by 
.A=Il— a? ...(8)  a+le=c?. 
2p 42 
But PE fede CON 5 ot = ce 
a a a c a 
9 2\4 
Also yy ee (Gee, Bee 
a c a 
Hence A= =1¢2t"" be Substituting in (1), (2), 


at~ (+ y)h=—(r—a), b+ (22+ = —(y—b), 
are (at yh S (024 9") = (0a) 
ae Ce 5 (+9) =(y—HP, 


arg bee EP) 2 yh EEO (ar x) 


=(r—a)?+(y—b), or 
2A Qe (x2 + y2)t + (a2 + 2) =r? — 22, 
2 +y24 22+2c (2? +y%\t=r?—C? is the equation to the 
envelope of the system of spheres. 


(7.) Two straight lines » and ¥, of variable length, are 
drawn at right-angles to the axis of x, one of them » passing 
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through the origin of co-ordinates : now if they vary in such 
a manner that the rectangle contained by them is a constant 
quantity equal to l?; determine the curve to which the 
straight line passing through their upper extremities is 
always a tangent. 

Let AD=y, BC=p, AB=2a, AN=2z, NP=y. Then 


BC-AD=pv=U*. 
PN BU_AD > ae 
(N TBAT’ NN 
T AC NO 
iy oft y ee 


AT +a AT42a AT’ 
yAT=v- AT + va, and y-AT+2ay=p-AT-+ pa, 











(y—v) AT= ra, (y—p) AT=pa—2ay, 
Bap Apa 
y~y Y— ph 
j2 
_9 ii. =e 
Hence a ) pe eo > or 
y-v YB be yp 


bx pr — ay i 
=» or perp: 2ay+l? (e—2a) 
py—b2 yp ; 

where p» alone is to be considered variable. 


Differentiating with respect to p, we have 


= a gine »_ vy" ; 
2 pam=2ay, “pS pe=—> 
so oy _2a*y? P 
Hence, by substitution, —— +b? («—2a), 


= b? (2 senile or 
2 
y= = (2az—z), the equation to an ellipse, referred to 


the vertex. 


156 ENVELOPES TO 


(8.) If a series of parabolas be included under the equa- 
tion y?=a(r—a), a being the variable parameter; show 
that they will all be touched by the two straight lines de- 


termined by the equations y= +54, y= — * and draw 


these lines. 


(9.) Show how the method of determining envelopes may 
be applied to finding the evolute of a curve, and apply it to 
determine the evolute of the ellipse, whose equation, re- 


_ we 
ferred to the centre, is —-++-=1. 
az 


Equation to evolute (aa) + (13)$=(a?—12)8. 
(10.) Prove that the curve which touches all the straight 


lines determined by the equation y= an+—— where a is 


variable, is the common parabola. 

(11.) A system of ellipses, with coincident but variable 
axes, is subject to the condition that a?+l?=m?, a and J 
being the major and minor axes; determine the curve which 
shall be the envelope of the system. 

(12.) If shot be discharged from a cannon with a con- 
stant velocity, but at various angles of elevation, they 
will describe the parabolas included under the equation 


y=ar— (1 +a?) am a being the variable parameter. Show 
that the curve which will touch all these parabolas is itself 


a parabola whose equation is y=c— —- 


4c 
(13.) Considering the envelope to be formed by the inter- 
sections of straight lines ; show that the problem “ to deter- 
mine the equation to the envelope” is the inverse of the 
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problem “to determine the equation to a tangent to a 
curve.” 

(14.) If p, be a perpendicular of constant length from the 
origin upon the straight lines defined by y=ar+p, (a?+1)!; 
show that the envelope of all these lines is a circle whose 
radius 1s p,. 

(15.) If a surface be produced by the continued intersec- 


tion of planes represented by the equation = + St==1, 


b 


where alc=m’; a, b, ¢ being variable, and m* constant ; 


8 
prove that the equation to the surface is ryz= (=) . 


(16.) A straight line, cutting from two straight lines 
which meet in any angle, two segments whose sum is a, is a 
tangent to a curve ; prove that that curve is a parabola, and 
trace it. 

(17.) If on one side of a horizontal straight line 4F an in- 
definite number of parabolas of equal area be described from 
& common point A, with their axes perpendicular to 4, 
the equation to this system of parabolas is ay=2a3ata—zx, 
where a is variable ; prove that the curve which will touch 
them all is an equilateral hyperbola whose equation is 


w=s a’, AR and a perpendicular to it from A being its 


asymptotic axes. 
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CHAPTER XVII. 
MISCELLANEOUS EXERCISES. 


(1.) Prove the ordinary rules for differentiation. 

(2.) Explain the difference between explicit and implicit 
functions. 

(3.) Define and illustrate the terms “ limit,” “ differen- 
tial,” “ differential coefficient.” 

(4.) Explain the difference between algebraic and trans- 
cendental functions. 

(5.) Investigate the differentials of w=sinz, u=n tan§, 
u=a*, u=loge. 

(6.) Prove Taylor’s Theorem, and from it deduce Stirling's 
or Maclaurin’s Theorem, and the Binomial Theorem of 
Newton. 

(7.) If y=e*sinzg; show, by means of the theorem of 
Leibnitz, that ot 92 ef sin (x+n 7) 

(8.) In what manner may the value of a fraction be 
determined when its numerator and denominator vanish 
simultaneously ? 

(9.) If w=f(x) ; show that wu is a maximum or minimum 
when an odd number of differential coefficients becoming=0, 
the differential coefficient of the next succeeding order is 
negative or positive. 

(10.) Deduce the equation to a straight line, y=mz+45, 
and show that the equation to a perpendicular to it is 


1 
cart 
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(11.) Show that the equation to a straight line, which 
intersects the axis of 2 at a distance a from the origin of 
co-ordinates, and the axis of y at a distance b from that 


igin, is % 47 — 
origin, 18 tga 


(12.) Show that the equation to a tangent to a curve, re- 


ferred to rectangular co-ordinates, is (y,— y=Z ma —z). 


(13.) If 47’ and AD be the intercepts of the tangent on 


the axes of x and y respectively ; prove that AT=y —Z, 


and AD=y— ot, and determine the equation to the 
normal. 

(14.) Determine the differential expression for the sub- 
tangent, subnormal, tangent, normal, perpendicular on tan- 


gent, and the tangent of the angle which the tangent makes 
with a line from the origin. 


(15.) If wu=f(a, y); prove that du=(F ) a+ (*) dy, 
d7u— d*u 
and that ——— dvds err i, 


(16.) If u=/f(y, z), where y, z, and consequently wu, are 


functions of z; show that du= (=) dy+ (=) dz. 


(17.) Determine the conditions upon which a function of 
two independent variables 1s a maximum or minimum. 


(18.) Determine the differential expression for the area of 


d 
a plane curve, and if s be the length, and om P 3 prove 


ds _ 2\t. 
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(19.) If S be the surface and V the volume of a solid 
generated by the revolution of a curve round its axis ; show 


dV dS 
that any, and apn emy + p?)t. 


(20.) If 7 and r, be the radii of the greater and smaller 
ends of the frustrum of a right cone, and a the slant height ; 
prove that the area of the frustrum is 7a (r+7,). 

(21.) If r be the radius vector, p the perpendicular on 
the tangent, and 6 the angle swept out by the revolution of r 


round the pole 8; show that a+ (Sy, where w=; 
d _ p 
dr r(r?—p? 2b 

(22.) If in polar curves p be the length of the perpendi- 
cular upon the tangent ; find the value of p in the circle, 


and that — 


parabola, ellipse, and hyperbola. 

(23.) Define the rectilinear asymptote and the asymptotic 
circle. 

(24.) Define conjugate points, double points, cusps, and 
points of contrary flexure, and show that a curve is concave 


; dy 
or convex to the axis according as y and ~” have the same 


dee 
or different signs. 


(25.) Prove that, in spirals, the curve is concave or convex 


dp . re 
towards the pole, according as fo 18 positive or negative. 


(26.) If A be the area, and ¢ the length of a plane curve ; 


dA dA 1 ds 2 
Cd r?, ee CE 
prove that apd) and —— ena" 67 24 (7) 
ds r 


ar ape 
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(27.) Prove that, in spirals, the subtangent = 1? : 


pr 
= ————_» and show how to draw the asymptote to a 
(r— pt 
spiral. 
(28.) Explain what is meant by the osculating circle; 
and show that the evolutes of all algebraic curves are recti- 
ficable. 


(29.) Explain the theory of the different orders of contact 
of plane curves ; point out the exceptions to the rule that 
every curve is cut by its circle of curvature, and show how 
these exceptions apply to the ellipse. 


(30.) Explain the difference between Taylor’s and Mac- 
laurin’s Theorems, and point out the circumstances under 
which the former sometimes fails. 


(31.) Investigate Lagrange’s* Theorem, and apply it to 
determine a general law for the inversion of series by means 
of the equation z=ay + by? +cy?+ dy4+ &e. 

(32.) Apply Lagrange’s Theorem to the determination 
of the four first terms of the devolopment of y”, when 
y=a+zy"; and find the general term in the expansion of 


e e l 
az” in a series of powers of cos#, when t+—=2 cos 0. 


d?y dy 
(33.) Ifua—s — (232 -y)- 





1 ; 
i=’ * being the inde- 


* Ify=2+2r9(y), and ifu=f(y), fand ¢ being any functions what. 
ever, then 


u=f@+ [9 Os OF +S [oO @] oy 


x a 
+ Fall O}*F Cligg + gall OO} Olagayg + 


P2 
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pendent variable ; show that, when x becomes cos6, and @ is 
d*y 
Feet y) cosec”. 

(34.) Explain exactly the mode in which the following 
curves are generated, construct them, and thence derive 
their equations: namely, the circle, parabola, ellipse, hyper- 
bola, cissoid of Diocles, conchoid of Nicomedes (superior and 
inferior), cycloid, epicycloid, lemniscata of Bernouilli, quadra- 
trix of Dinostratus, involute of the circle, catenary, tractory, 


made the independent variable, u=( 


elastic curve, witch of Agnesi, curve of sines, cardioid, tri- 
sectrix, logarithmic or equiangular spital, spiral of Archi- 
medes, hyperbolic or reciprocal spiral, lituus, parabolic 
spiral. 

(35.) Show what kind of curves are included under the 
equations y7=mzr+nz*, r=asinn6, r=acos0+bl, r=aé", 
r==asinn6+ 6 sinn,6+c sinn,6+ &e. respectively. 
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